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JOINT SIMILARITY TO OPERATORS IN NONCOMMUTATIVE VARIETIES
GELU POPESCU
Abstract. In this paper we solve several problems concerning joint similarity to n-tuples of operators
in noncommutative varieties Vm
f,P
(H) ⊂ B(H)n, m ≥ 1, associated with positive regular free holomor-
phic functions f in n noncommuting variables and with sets P of noncommutative polynomials in n
indeterminates, where B(H) is the algebra of all bounded linear operators on a Hilbert space H. In
particular, if f = X1 + · · ·+Xn and P = {0}, the elements of the corresponding variety can be seen as
noncommutative multivariable analogues of Agler’s m-hypercontractions.
We introduce a class of generalized noncommutative Berezin transforms and use them to solve op-
erator inequalities associated with noncommutative varieties Vm
f,P
(H). We point out a very strong
connection between the cone of their positive solutions and the joint similarity problems. Several classi-
cal results concerning the similarity to contractions have analogues in our noncommutative multivariable
setting. When P consists of the commutators XiXj −XjXi, i, j ∈ {1, . . . , n}, we obtain commutative
versions of these results. We remark that, in the particular case when n = m = 1, f = X, and P = {0},
we recover the corresponding similarity results obtained by Sz.-Nagy, Rota, Foias¸, de Branges-Rovnyak,
and Douglas.
We use some of the results of this paper to provide Wold type decompositions and triangulations for
n-tuples of operators in noncommutative varieties V1
f,P
(H), which parallel the classical Sz.-Nagy–Foias¸
triangulations for contractions but also provide new proofs. As consequences, we prove the existence of
joint invariant subspaces for certain classes of operators in V1
f,P
(H).
Introduction
Let B(H) denote the algebra of all bounded linear operators on a Hilbert space H. Two operators
A,B ∈ B(H) are called similar if there is an invertible operator S ∈ B(H) such that A = S−1BS. The
problem of characterizing the operators similar to contractions, i.e., the operators in the unit ball
[B(H)]1 := {X ∈ B(H) : XX∗ ≤ I},
or similar to special contractions such as parts of shifts, isometries, unitaries, etc., has been considered by
many authors and has generated deep results in operator theory and operator algebras. We shall mention
some of the classical results on similarity that strongly influenced us in writing this paper.
In 1947, Sz.-Nagy [30] found necessary and sufficient conditions for an operator to be similar to a
unitary operator. In particular, an operator T is similar to an isometry if and only if there are constants
a, b > 0 such that
a‖h‖ ≤ ‖T nh‖ ≤ b‖h‖, h ∈ H, n ∈ N.
The fact that the unilateral shift on the Hardy space H2(T) plays the role of universal model in B(H)
was discovered by Rota [29]. Rota’s model theorem asserts that any operator with spectral radius less
than one is similar to a contraction, or more precisely, to a part of a backward unilateral shift. This
result was refined furthermore by Foias¸ [9] and by de Branges and Rovnyak [6], who proved that every
strongly stable contraction is unitarily equivalent to a part of a backward unilateral shift.
It is well-known that if T ∈ B(H) is similar to a contraction then, due to the von Neumann inequality
[33], it is polynomially bounded, i.e., there is a constant C > 0 such that, for any polynomial p,
‖p(T )‖ ≤ C‖p‖∞,
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where ‖p‖∞ := sup|z|=1 |p(z)|. A remarkable result obtained by Paulsen [14] shows that similarity to
a contraction is equivalent to complete polynomial boundedness. Halmos’ famous similarity problem
[11] asked whether any polynomially bounded operator is similar to a contraction. This long standing
problem was answered by Pisier [16] in a remarkable paper where he shows that there are polynomially
bounded operators which are not similar to contractions. For more information on similarity problems
and completely bounded maps we refer the reader to the excellent books by Pisier [17] and Paulsen [15].
In the noncommutative multivariable setting, joint similarity problems to row contractions, i.e., n-
tuples of operators in the unit ball
[B(H)n]1 := {(X1, . . . , Xn) ∈ B(H)n : X1X∗1 + · · ·+XnX∗n ≤ I},
were considered by Bunce [3], the author (see [18], [22], [23], [26]), and recently by Douglas, Foias¸, and
Sarkar [8]. In this setting, the universal model for the unit ball [B(H)n]1 is the n-tuple (S1, . . . , Sn) of
left creation operators on the full Fock space with n generators.
To put our work in perspective we need some notation. Let F+n be the unital free semigroup on n
generators g1, . . . , gn and the identity g0. The length of α ∈ F+n is defined by |α| := 0 if α = g0 and
|α| := k if α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}. If X := (X1, . . . , Xn) ∈ B(H)n we denote
Xα := Xi1 · · ·Xik and Xg0 := IH, the identity on H.
In [28] (case m = 1) and [25] (case m ≥ 2), we studied more general noncommutative domains
Dmp (H) := {X := (X1, . . . , Xn) ∈ B(H)n : (id− Φp,X)s(I) ≥ 0 for s = 1, . . . ,m} ,
where id is the identity map on B(H),
Φp,X(Y ) :=
∑
|α|≥1
aαXαY X
∗
α, Y ∈ B(H),
and p =
∑
|α|≥1 aαXα is a positive regular noncommutative polynomial, i.e., its coefficients are positive
scalars and aα > 0 if α ∈ F+n with |α| = 1. We remark that if q = X1 + · · · + Xn and m ≥ 1, then
Dmq (H) is a starlike domain which concides with the set of all row contractions (X1, . . . , Xn) ∈ [B(H)n]1
satisfying the positivity condition
m∑
k=0
(−1)k
(
m
k
) ∑
|α|=k
XαX
∗
α ≥ 0.
The elements of the domain Dmq (H) can be seen as multivariable noncommutative analogues of Agler’s
m-hypercontractions [1]. The case n = 1 was recently studied by Olofsson ([12], [13]). We showed ([28],
[25]) that each domain Dmp (H) has a universal model (W1, . . . ,Wn) of weighted left creation operators
acting on the full Fock space with n generators. The study of the domain Dmp (H) and the dilation theory
associated with it are close related to the study of the weighted shifts W1, . . . ,Wn, their joint invariant
subspaces, and the representations of the algebras they generate: the domain algebra An(Dmp ), the Hardy
algebra F∞n (D
m
p ), and the C
∗-algebra C∗(W1, . . . ,Wn).
In the present paper, we consider problems of joint similarity to classes of n-tuples of operators in
noncommutative domains Dmp (H), m ≥ 1, and noncommutative varieties
Vmp,P(H) :=
{
(X1, . . . , Xn) ∈ Dmp (H) : q(X1, . . . , Xn) = 0 for any q ∈ P
}
,
where P is a family of noncommutative polynomials in n indeterminates.
In Section 1, expanding on the author’s work ([25], [27], [28]) on noncommutative Berezin transforms,
we introduce a new class of generalized Berezin transforms which will play an important role in this
paper. Given A := (A1, . . . , An) ∈ B(H)n, our similarity problems to n-tuples of operators in the
noncommutative variety Vmp,P(H) are linked to the noncommutative cone C(p,A)+ of all positive operators
D ∈ B(H) such that
(id− Φp,A)s(D) ≥ 0, s = 1, . . . ,m.
For example, (A1, . . . , An) is jointly similar to an n-tuple of operators in Vmp,P(H) if and only if there
is an invertible operator in C(p,A)+. Under natural conditions, we show that there is a one-to-one
correspondence between the elements of the noncommutative cone C(p,A)+ and a class of generalized
Berezin transforms, to be introduced.
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In Section 2, a pure version of the above-mentioned result is established, even in a more general
setting. In particular, when m = 1 and T := (T1, . . . , Tn) ∈ V1p,P(H) is pure, i.e., Φkp,T (I) → 0 strongly,
as k → ∞, we determine the noncommutative cone C(p, T )+ by showing that all its elements have the
form PHΨΨ
∗|H, where Ψ is a multi-analytic operator with respect to the universal n-tuple (B1, . . . , Bn)
associated with the variety V1p,P(H). More precisely, Ψ ∈ R∞n (V1p,P)⊗¯B(K,K′) for some Hilbert spaces K
and K′, where R∞n (V1p,P) is the commutant of the noncommutative Hardy algebra F∞n (V1p,P). We remark
that in the particular case when n = m = 1, p = X , P = {0}, and Φp,T (X) := TXT ∗ with ‖T ‖ ≤ 1, the
corresponding cone C(p, T )+ was studied by Douglas in [7] and by Sz.-Nagy and Foias¸ [32] in connection
with T -Toeplitz operators (see also [4] and [5]).
In Section 3, we provide necessary and sufficient conditions for an n-tuple A := (A1, . . . , An) ∈ B(H)n
to be jointly similar to an n-tuple of operators T := (T1, . . . , Tn) in the noncommutative variety Vmp,P(H)
or the distinguished sets{
X ∈ Vmp,P(H) : (id− Φp,X)m(I) = 0
}
and
{
X ∈ Vmp,P(H) : (id− Φp,X)m(I) > 0
}
,
where P is a set of noncommutative polynomials. To give the reader a flavor of our results, we shall be a
little bit more precise. Given (A1, . . . , An) ∈ B(H)n, we find necessary and sufficient conditions for the
existence of an invertible operator Y : H → G such that
A∗i = Y
−1[(B∗i ⊗ IH)|G ]Y, i = 1, . . . , n
where G ⊆ NP⊗H is an invariant subspace under each operator B∗i ⊗IH and (B1, . . . , Bn) is the universal
model associated with the noncommutative variety Vmf,P(H). In particular, we obtain an analogue of
Foias¸ [9] and de Branges–Rovnyak [6] model theorem, for pure n-tuples of operators in Vmf,P(H). We
also obtain the following Rota type [29] model theorem for the noncommutative variety Vmf,P(H). If
A := (A1, . . . , An) ∈ B(H)n is such that q(A1, . . . , An) = 0 for q ∈ P and
∞∑
k=0
(
k +m− 1
m− 1
)
Φkp,A(I) ≤ bI
for some constant b > 0, then the above-mentioned joint similarity holds. Moreover, we prove that
the joint spectral radius rp(A1, . . . , An) < 1 if and only if (A1, . . . , An) is jointly similar to an n-tuple
T := (T1, . . . , Tn) ∈ Vmp,P(H) with (id− Φp,T )m(I) > 0, i.e., positive invertible operator.
We also provide necessary and sufficient conditions for an n-tuple A := (A1, . . . , An) ∈ B(H)n to be
jointly similar to an n-tuple of operators T := (T1, . . . , Tn) ∈ Vmp,P(H) with (id − Φp,T )m(I) = 0. Our
noncommutative analugue of Sz.-Nagy’s similarity result [30] asserts that there is an invertible operator
Y ∈ B(H) such that Ai = Y −1TiY , i = 1, . . . , n, if and only if there exist positive constants 0 < c ≤ d
such that
cI ≤ Φkp,A(I) ≤ dI, k ∈ N.
In particular, we obtain a multivariable analogue of Douglas’ similarity result [7].
If (A1, . . . , An) ∈ B(H)n is jointly similar to an n-tuple of operators in a radial noncommutative variety
Vmp,P(H), where P is a set of homogeneous noncommutative polynomials, then the polynomial calculus
g(B1, . . . , Bn) 7→ g(A1, . . . , An) can be extended to a completely bounded map on the noncommutative
variety algebra An(Vmp,P), the norm closed algebra generated by B1, . . . , Bn and the identity. Using
Paulsen’s similarity result [14], we can prove that the converse is true if m = 1, but remains an open
problem if m ≥ 2.
In Section 4, we obtain Wold type decompositions and prove the existence of triangulations of type(
C·0 0
∗ C·1
)
and
(
Cc 0
∗ Ccnc
)
for any n-tuple of operators in the noncommutative variety V1p,P(H), which parallel the Sz.-Nagy–Foias¸
[31] triangulations for contractions. The proofs seem to be new even in the classical case n = 1, since
they don’t involve, at least explicitly, the dilation space for contractions. As consequences, we prove the
existence of joint invariant subspaces for certain classes of operators in V1p,P(H).
We should mention that the results of this paper are presented in a more general setting when the
polynomials p in the definition of Vmp,P(H) is replaced by positive regular free holomorphic functions.
4 GELU POPESCU
1. Generalized noncommutative Berezin transforms and the cone C(f,A)+
In this section, we introduce a class of generalized Berezin transforms which will play an important
role in this paper. We use them to study the noncommutative cone C(f,A)+ of all positive solutions of
the operator inequalities
(id− Φf,A)s(X) ≥ 0, s = 1, . . . ,m.
First, we recall ([25], [28]) the construction of the universal model associated with the noncommutative
domain Dmf (H), m ≥ 1. Throughout this paper, we assume that f :=
∑
α∈F+n
aαXα, aα ∈ C, is a positive
regular free holomorphic function in n variables X1, . . . , Xn. This means
(i) lim supk→∞
(∑
|α|=k |aα|2
)1/2k
<∞,
(ii) aα ≥ 0 for any α ∈ F+n , ag0 = 0, and agi > 0 for i = 1, . . . , n.
Given m ∈ N := {1, 2, . . .} and a positive regular free holomorphic function f as above, we define the
noncommutative domain Dmf whose representation on a Hilbert space H is
Dmf (H) := {X := (X1, . . . , Xn) ∈ B(H)n : (id− Φf,X)s(I) ≥ 0 for s = 1, . . . ,m} ,
where Φf,X : B(H)→ B(H) is given by
Φf,X(Y ) :=
∞∑
k=1
∑
|α|=k
aαXαY X
∗
α, Y ∈ B(H),
and the convergence is in the weak operator topology. Dmf (H) can be seen as a noncommutative Reinhardt
domain, i.e., (eiθ1X1, . . . , e
iθnXn) ∈ Dmf (H) for any (X1, . . . , Xn) ∈ Dmf (H) and θ1, . . . , θn ∈ R.
Let Hn be an n-dimensional complex Hilbert space with orthonormal basis e1, . . . , en, where n ∈ N or
n =∞. We consider the full Fock space of Hn defined by
F 2(Hn) :=
⊕
k≥0
H⊗kn ,
where H⊗0n := C1 and H
⊗k
n is the (Hilbert) tensor product of k copies of Hn. Set eα := ei1⊗ei2⊗· · ·⊗eik
if α = gi1gi2 · · · gik ∈ F+n and eg0 := 1. It is clear that {eα : α ∈ F+n } is an orthonormal basis of F 2(Hn).
Define the left creation operators Si : F
2(Hn)→ F 2(Hn), i = 1, . . . , n, by Sif := ei ⊗ f, f ∈ F 2(Hn).
Let Di : F
2(Hn)→ F 2(Hn), i = 1, . . . , n, be the diagonal operators given by
Dieα :=
√√√√b(m)α
b
(m)
giα
eα, α ∈ F+n ,
where
(1.1) b(m)g0 := 1 and b
(m)
α :=
|α|∑
j=1
∑
γ1···γj=α
|γ1|≥1,...,|γj |≥1
aγ1 · · · aγj
(
j +m− 1
m− 1
)
if α ∈ F+n , |α| ≥ 1.
We have
‖Di‖ = sup
α∈F+n
√√√√b(m)α
b
(m)
giα
≤ 1√
agi
, i = 1, . . . , n.
Define the weighted left creation operators Wi : F
2(Hn) → F 2(Hn), i = 1, . . . , n, associated with the
noncommutative domain Dmf by setting Wi := SiDi, where S1, . . . , Sn are the left creation operators on
the full Fock space F 2(Hn). Note that
Wieα =
√
b
(m)
α√
b
(m)
giα
egiα, α ∈ F+n .
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One can easily see that
(1.2) Wβeγ =
√
b
(m)
γ√
b
(m)
βγ
eβγ and W
∗
β eα =

√
b
(m)
γ√
b
(m)
α
eγ if α = βγ
0 otherwise
for any α, β ∈ F+n . According to Theorem 1.3 from [25], the weighted left creation operators W1, . . . ,Wn
associated with Dmf have the following properties:
(i)
∑∞
k=1
∑
|β|=k aβWβW
∗
β ≤ I, where the convergence is in the strong operator topology;
(ii) (id− Φf,W )m (I) = PC, where PC is the orthogonal projection from F 2(Hn) onto C1 ⊂ F 2(Hn),
and lim
p→∞
Φpf,W (I) = 0 in the strong operator topology.
The n-tuple (W1, . . . ,Wn) ∈ Dmf (F 2(Hn)) plays the role of universal model for the noncommutative
domain Dmf . The domain algebra An(Dmf ) associated with the noncommutative domain Dmf is the norm
closure of all polynomials in W1, . . . ,Wn, and the identity, while the Hardy algebra F
∞
n (D
m
f ) is the
SOT-(WOT-, or w∗-) version.
We remark that, one can also define the weighted right creation operators Λi : F
2(Hn) → F 2(Hn) by
setting Λi := RiGi, i = 1, . . . , n, where R1, . . . , Rn are the right creation operators on the full Fock space
F 2(Hn) and each diagonal operator Gi is defined by
Gieα :=
√√√√b(m)α
b
(m)
αgi
eα, α ∈ F+n ,
where the coefficients b
(m)
α , α ∈ F+n , are given by relation (1.1). It turns out that (Λ1, . . . ,Λn) is in the
noncommutative domain Dm
f˜
(F 2(Hn)), where f˜ :=
∑
|α|≥1 aα˜Xα and α˜ = gik · · · gi1 denotes the reverse
of α = gi1 · · · gik ∈ F+n . Moreover, WiΛj = ΛjWi and U∗ΛiU = Wi, i = 1, . . . , n, where U ∈ B(F 2(Hn))
is the unitary operator defined by equation Ueα := eα˜, α ∈ F+n . Consequently, we have
F∞n (D
m
f )
′ = R∞n (D
m
f ) and R
∞
n (D
m
f )
′ = F∞n (D
m
f ),
where ′ stands for the commutant and R∞n (D
m
f ) is the SOT-(WOT-, or w
∗-) closure of all polynomials in
Λ1, . . . ,Λn, and the identity. More on these noncommutative Hardy algebras can be found in [19], [25],
and [28].
In what follows, we introduce a noncommutative Berezin kernel associated with any quadruple (f,m,A,R)
satisfying the following compatibility conditions:
(i) f :=
∑
|α|≥1 aαXα is a positive regular free holomorphic function and m ∈ N;
(ii) A := (A1, . . . , An) ∈ B(H)n is such that
∑
|α|≥1
aαAαA
∗
α is SOT-convergent;
(iii) R ∈ B(H) is a positive operator such that
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤ bI,
for some constant b > 0.
The noncommutative Berezin kernel associated with the compatible quadruple (f,m,A,R) is the operator
K
(m)
f,A,R : H → F 2(Hn)⊗R1/2(H) given by
(1.3) K
(m)
f,A,Rh =
∑
α∈F+n
√
b
(m)
α eα ⊗R1/2A∗αh, h ∈ H.
Lemma 1.1. The noncommutative Berezin kernel K
(m)
f,A,R associated with a compatible quadruple (f,m,A,R)
is a bounded operator and
K
(m)
f,A,RA
∗
i = (W
∗
i ⊗ IR)K(m)f,A,R, i = 1, . . . , n,
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where R := R1/2(H) and (W1, . . . ,Wn) is the universal model associated with the noncommutative domain
Dmf . Moreover, (
K
(m)
f,A,R
)∗
K
(m)
f,A,R =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R).
Proof. Since (f,m,A,R) is a compatible quadruple, R ∈ B(H) is a positive operator such that
(1.4)
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤ bI
for some constant b > 0. Note that due to relations (1.1) and (1.3), we have
‖K(m)f,A,Rh‖2 =
∑
β∈F+n
b
(m)
β
〈
AβRA
∗
βh, h
〉
= 〈Rh, h〉+
∞∑
m=1
∑
|β|=m
〈
b
(m)
β AβRA
∗
βh, h
〉
= 〈Rh, h〉+
∞∑
m=1
∑
|β|=m
〈 |β|∑
j=1
(
j +m− 1
m− 1
) ∑
γ1···γj=β
|γ1|≥1,...,|γj |≥1
aγ1 · · · aγj
Aγ1···γjRA∗γ1···γjh, h
〉
= 〈Rh, h〉+
∞∑
k=1
〈(
k +m− 1
m− 1
)
Φkf,A(R)h, h
〉
for any h ∈ H. Hence and due to relation (1.4), we deduce that K(m)f,A,R is a well-defined bounded operator
and (
K
(m)
f,A,R
)∗
K
(m)
f,A,R =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R).
On the other hand, due to relations (1.3) and (1.2), we have
(W ∗i ⊗ IR)K(m)f,A,Rh =
∑
α∈F+n
√
b
(m)
α W
∗
i eα ⊗R1/2A∗αh
=
∑
γ∈F+n
√
b
(m)
giγW
∗
i egiγ ⊗R1/2A∗giγh
=
∑
γ∈F+n
√
b
(m)
γ eγ ⊗R1/2A∗γA∗i h
= K
(m)
f,A,RA
∗
i h
for any h ∈ H. Hence,
K
(m)
f,A,RA
∗
i = (W
∗
i ⊗ IR)K(m)f,A,R, i = 1, . . . , n,
and the proof is complete. 
Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and let W1, . . . ,Wn and
Λ1, . . .Λn be the weighted left and right creation operators, respectively, associated with the noncommu-
tative domain Dmf . Let P be a family of noncommutative polynomials and define the noncommutative
variety Vmf,P whose representation on a Hilbert space H is
Vmf,P(H) :=
{
(X1, . . . , Xn) ∈ Dmf (H) : p(X1, . . . , Xn) = 0 for any p ∈ P
}
.
We associate with Vmf,P the operators B1, . . . , Bn defined as follows. Consider the subspaces
MP := span{Wαp(W1, . . . ,Wn)Wβ(1) : p ∈ P , α, β ∈ F+n }
and NP := F 2(Hn)⊖MP . Throughout this paper, unless otherwise specified, we assume that NP 6= {0}.
It is easy to see that NP is invariant under each operator W ∗1 , . . . ,W ∗n and Λ∗1, . . . ,Λ∗n. Define
Bi := PNPWi|NP and Ci := PNPΛi|NP , i = 1, . . . , n,
JOINT SIMILARITY TO OPERATORS IN NONCOMMUTATIVE VARIETIES 7
where PNP is the orthogonal projection of F
2(Hn) onto NP .
The n-tuple of operators B := (B1, . . . , Bn) ∈ Vmf,P(NP) plays the role of universal model for the
noncommutative variety Vmf,P . The noncommutative variety algebra An(Vmf,P) is the norm-closed algebra
generated by B1, . . . , Bn and the identity, while the Hardy algebra F
∞
n (Vmf,P ) is the w∗-version. More on
these Hardy algebras associated with noncommutative varieties can be found in [28] and [25].
Let (f,m,A,R) be a compatible quadruple. Assume that the n-tuple A := (A1, . . . , An) ∈ B(H)n has,
in addition, the property that
p(A1, . . . , An) = 0, p ∈ P .
Under these conditions, the tuple q := (f,m,A,R,P) is called compatible. We define the (constrained)
noncommutative Berezin kernel associated with the tuple q to be the operator Kq : H → NP ⊗ R1/2(H)
given by
Kq := (PNP ⊗ IR1/2(H))K
(m)
f,A,R,
where K
(m)
f,A,R is the Berezin kernel associated with the quadruple (f,m,A,R) and defined by relation
(1.3).
Lemma 1.2. Let Kq be the noncommutative Berezin kernel associated with a compatible tuple q :=
(f,m,A,R,P). Then
KqA
∗
i = (B
∗
i ⊗ IR)Kq, i = 1, . . . , n,
where R := R1/2(H) and (B1, . . . , Bn) is the universal model associated with the noncommutative variety
Vmf,P . Moreover,
K∗qKq =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R).
Proof. Using Lemma 1.1 and the fact that p(A1, . . . , An) = 0 for all p ∈ P , we obtain〈
K
(m)
f,A,Rx, [Wαp(W1, . . . ,Wn)Wβ(1)]⊗ y
〉
=
〈
x,Aαp(A1, . . . , An)Aβ(K
(m)
f,A,R)
∗(1 ⊗ y)
〉
= 0
for any x ∈ H, y ∈ R1/2(H), and p ∈ P . Hence, we deduce that
(1.5) rangeK
(m)
f,A,R ⊆ NP ⊗R1/2(H).
Taking into account the definition of the constrained Berezin kernel Kq : H → NP ⊗ R1/2(H), one can
use Lemma 1.1 and relation (1.5) to complete the proof. 
We introduce now the noncommutative Berezin transform Bq associated with the compatible tuple
q := (f,m,A,R,P) to be the operator Bq : B(NP)→ B(H) given by
Bq[χ] := K
∗
q [χ⊗ IR]Kq, χ ∈ B(NP).
whereR := R1/2(H). This transform will play an important role in this paper. To justify the terminology,
we shall consider the particular case when the n-tuple A := (A1, . . . , An) has the joint spectral radius
rf (A1, . . . , An) := lim
k→∞
‖Φkf,A(I)‖1/2k < 1.
Then, as in the particular case considered in [25], one can show that
〈Bq[χ]x, y〉 =
〈I − ∑
|α|≥1
aα˜C
∗
α ⊗Aα˜
−m (χ⊗R)
I − ∑
|α|≥1
aα˜Cα ⊗A∗α˜
−m (1⊗ x), 1⊗ y〉
for any x, y ∈ H, where Ci := PNPΛi|NP for i = 1, . . . , n and α˜ is the reverse of α ∈ F+n . For the benefit
of the reader, we present a sketch of the proof. First, one can show that
r
∑
|α|≥1
aα˜Cα ⊗A∗α˜
 ≤ rf (A1, . . . , An) < 1,
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where r(Y ) is the usual spectral radius of a bounded operator Y . Hence, the operatorI − ∑
|α|≥1
aα˜Cα ⊗A∗α˜
−1 = ∞∑
k=0
∑
|α|≥1
aα˜Cα ⊗A∗α˜
k
is well-defined, where the convergence is in the operator norm topology. Consequently, using the definition
of Λ1, . . . ,Λn and relation (1.3), we obtain
K
(m)
f,T h = (IF 2(Hn) ⊗R1/2)
I − ∑
|α|≥1
aα˜Λα ⊗ T ∗α˜
−m (1⊗ h), h ∈ H.
Combining the above-mentioned results with the fact that Kq := (PNP ⊗ IR1/2(H))K
(m)
f,A,R, one can
complete the proof of our assertion.
We remark that in the particular case when: n = m = 1, f = X , H = C, A = λ ∈ D, R = I, and
P = {0}, we recover the Berezin transform [2] of a bounded operator on the Hardy space H2(D), i.e.,
Bλ[g] = (1 − |λ|2) 〈gkλ, kλ〉 , g ∈ B(H2(D)),
where kλ(z) := (1− λz)−1 and z, λ ∈ D.
The following technical lemma is a slight extension of Lemma 1.4 and 2.2 from [25], where the operator
D was positive. In our extension, D is a self-adjoint operator and the condition (a) is new. However,
since the proof is similar to those from [25], we shall omit it. A linear map ϕ : B(H) → B(H) is called
power bounded if there exists a constant M > 0 such that ‖ϕk‖ ≤M for any k ∈ N.
Lemma 1.3. Let ϕ : B(H)→ B(H) be a positive linear map and let D ∈ B(H) be a self-adjoint operator
and m ∈ N. Then the following statements hold:
(i) If ϕ is power bounded, then
(id− ϕ)m(D) ≥ 0 if and only if (id− ϕ)s(D) ≥ 0, s = 1, 2, . . . ,m.
ii) Under either one of the conditions:
(a) (id− ϕ)s(D) ≥ 0 for any s = 1, . . . ,m, or
(b) ϕ is power bounded and (id− ϕ)m(D) ≥ 0,
the following limit exists and
lim
k→∞
kd
〈
ϕk(id− ϕ)d(D)h, h〉 = { limk→∞ 〈ϕk(D)h, h〉 if d = 0
0 if d = 1, 2, . . . ,m− 1
for any h ∈ H.
In what follows we also need the following result. For information on completely bounded (resp.
positive) maps, we refer to [15] and [16].
Lemma 1.4. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and let A :=
(A1, . . . , An) ∈ B(H)n be an n-tuple of operators such that
∑
|α|≥1 aαAαA
∗
α is convergent in the weak
operator topology. Then the map Φf,A : B(H)→ B(H), defined by
Φf,A(X) =
∑
|α|≥1
aαAαXA
∗
α, X ∈ B(H),
where the convergence is in the weak operator topology, is a completely positive linear map which is
WOT-continuous on bounded sets. Moreover, if 0 < r < 1, then
Φf,A(X) = WOT- lim
r→1
Φf,rA(X), X ∈ B(H).
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Proof. Note that, for any x, y ∈ H and any finite subset Λ ⊂ {α ∈ F+n : |α| ≥ 1}, we have∑
α∈Λ
|〈aαAαXA∗αx, y〉| ≤ ‖X‖
∑
α∈Λ
aα‖A∗αx‖‖A∗αy‖
≤ ‖X‖
(∑
α∈Λ
aα‖A∗αx‖2
)1/2(∑
α∈Λ
aα‖A∗αy‖2
)1/2
.
Now, since
∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator topology it is easy to see that the series
Φf,A(X) =
∑
|α|≥1 aαAαXA
∗
α convergence is in the weak operator topology. Moreover, the above-
mentioned inequality is true for any subset Λ in {α ∈ F+n : |α| ≥ 1}. In particular, we deduce that
|〈Φf,A(X)x, y〉| ≤ ‖X‖ 〈Φf,A(I)x, x〉1/2 〈Φf,A(I)y, y〉1/2 , x, y ∈ H.
On the other hand, since the map Φ
(k)
f,A(X) :=
∑
1≤|α|≤k aαAαXA
∗
α, X ∈ B(H), is completely positive for
each k ∈ N and Φf,A(X) = WOT- limk→∞ Φ(k)f,A(X), we deduce that Φf,A is a completely positive map
on B(H). Since ∑
|α|≥1
aαAαA
∗
α is convergent in the weak operator topology, for any ǫ > 0 and x, y ∈ H,
there is N0 ∈ N such that∑
|α|>N0
〈aαAαA∗αx, x〉 < ǫ and
∑
|α|>N0
〈aαAαA∗αy, y〉 < ǫ.
Using the above-mentioned inequalities, we deduce that∑
|α|>N0
|〈aαAαXA∗αx, y〉| ≤ ǫ‖X‖.
Now, it is easy to see that Φf,A is WOT-continuous on bounded sets. On the other hand, we also have∑
|α|>N0
∣∣〈aαr|α|AαXA∗αx, y〉∣∣ ≤ ǫ‖X‖ for any r ∈ [0, 1]. This can be used to show that Φf,A(X) =
WOT- limr→1Φf,rA(X) for any X ∈ B(H). The proof is complete. 
We remark that Lemma 1.4 remains true if {aα}|α|≥1 is just a sequence of positive numbers and
A := (A1, . . . , An) ∈ B(H)n is an n-tuple of operators such that
∑
|α|≥1 aαAαA
∗
α is convergent in the
weak operator topology.
We denote by C(f,A)+ the cone of all positive operators D ∈ B(H) such that
(id− Φf,A)s(D) ≥ 0 for s = 1, . . . ,m.
We denote by Crad(f,A)
+ the set of all operators D ∈ C(f,A)+ such that there is δ ∈ (0, 1) with the
property that D ∈ C(f, rA)+ for any r ∈ (δ, 1].
A few examples are necessary. Note that if m = 1 then we always have C(f,A)+ = Crad(f,A)
+. We
remark that if m ≥ 2 and p = a1X1 + · · · + anXn, ai > 0, then we also have C(p,A)+ = Crad(p,A)+.
Indeed, it is enough to see that if 0 < r ≤ 1, then
(id− Φp,rA)k(D) = [(id− Φp,A) + (1− r)Φp,A]k (D)
=
k∑
j=0
(
k
j
)
(1 − r)k−jΦk−jp,A (id− Φp,A)j(D)
for any k = 1, . . . ,m. Since (id − Φp,A)j(D) ≥ 0 for j = 1, . . . ,m and using the fact that Φjp,A is a
positive linear map, we deduce that (id − Φp,rA)k(D) ≥ 0 for k = 1, . . . ,m and r ∈ (0, 1], which proves
our assertion. Note also that when m ≥ 1 and q is any positive regular noncommutative polynomial so
that, for each s = 1, . . . ,m, (id− Φq,A)s(D) is a positive invertible operator, then D ∈ Crad(q, A)+.
We say thatDmf (H) is a radial domain if there exists δ ∈ (0, 1) such that (rW1, . . . , rWn) ∈ Dmf (F 2(Hn))
for any r ∈ (δ, 1], where (W1, . . . ,Wn) is the universal model associated with Dmf . We remark that the
notion of radial domain does not depend on the Hilbert space H. Note that if m = 1, then D1f (H)
is always a radial domain. This case was extensively studied in [28]. When m ≥ 2, we point out the
particular case p := a1X1 + · · ·+ anXn, ai > 0, when Dmp (H) is also a radial domain.
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Now, we are ready to show that, for radial domains Dmf (H), the elements of the noncommutative cone
Crad(f,A)
+ are in one-to-one correspondence with the elements of a class of noncommutative Berezin
transforms.
Theorem 1.5. Let Dmf (H) be a radial domain, where f :=
∑
|α|≥1 aαXα is a positive regular free
holomorphic function and m ≥ 1. Let P be a family of noncommutative homogeneous polynomials and
let B := (B1, . . . , Bn) be the universal model associated with the noncommutative variety Vmf,P . If A :=
(A1, . . . , An) ∈ B(H)n is such that
∑
|α|≥1 aαAαA
∗
α is SOT-convergent and p(A1, . . . , An) = 0, p ∈ P ,
then there is a bijection
Γ : CP (A,Vmf,P )→ Crad(f,A)+, Γ(ϕ) := ϕ(I),
where CP (A,Vmf,P) is the set of all completely positive linear maps ϕ : Sf,P → B(H) such that
ϕ(BαB
∗
β) = Aαϕ(I)A
∗
β , α, β ∈ F+n ,
where Sf,P := span{BαB∗β : α, β ∈ F+n }. Moreover, if D ∈ Crad(f,A)+, then Γ−1(D) coincides with the
noncommutative Berezin transform associated with q := (f,m,A,R,P) and defined by
Bq[χ] := lim
r→1
K∗qr (χ⊗ I)Kqr , χ ∈ Sf,P ,
where qr := (f,m, rA,Rr,P) and Rr := (id− Φf,rA)m(D), r ∈ [0, 1], and the limit exists in the operator
norm topology.
Proof. We recall that the subspace NP 6= {0} is invariant under each operator W ∗1 , . . . ,W ∗n and Bi :=
PNPWi|NP , i = 1, . . . , n. Setting B := (B1, . . . , Bn) and taking into account that Φf,W (I) ≤ I, we deduce
that Φf,B(I) ≤ I and, consequently, Φf,rB(I) =
∑∞
k=1
∑
|α|=k aαr
|α|BαB
∗
α ≤ I, where the convergence
is in the operator norm topology. This implies Φf,rB(I) ∈ Sf,P for any r ∈ [0, 1). The fact that Dmf is a
radial domain implies (rW1, . . . , rWn) ∈ Dmf (F 2(Hn)), r ∈ (δ, 1), for some δ ∈ (0, 1) and, consequently,
(id− Φf,rB)s(I) ≥ 0 for s = 1, . . . ,m and r ∈ (δ, 1). Since
Φjf,rB(I) =
∞∑
k=1
∑
|α|=k
aαr
|α|BαΦ
j−1
f,rB(I)B
∗
α, j ∈ N,
and ‖Φkf,rB(I)‖ ≤ 1 for any k ∈ N, it is clear that Φjf,rB(I) ∈ Sf,P . Taking into account that
(id− Φf,rB)s(I) =
s∑
j=0
(−1)j
(
s
j
)
Φjf,rB(I), j ∈ N,
we deduce that (id − Φf,rB)s(I) ∈ Sf,P for s = 1, . . . ,m. Now, assume that ϕ : Sf,P → B(H) is a
completely positive linear map such that
ϕ(BαB
∗
β) = Aαϕ(I)A
∗
β , α, β ∈ F+n .
Then, setting D := ϕ(I), we deduce that D ≥ 0 and
(id− Φf,rA)s(D) = ϕ ((id− Φf,rB)s(I)) ≥ 0, r ∈ (δ, 1),
for any s = 1, . . . ,m. Since the series
∑
|α|≥1
aαAαA
∗
α is SOT-convergent one can use Lemma 1.4 to deduce
that Φkf,A(D) = WOT- limr→1Φ
k
f,rA(D) for k ∈ N and, moreover,
(id− Φf,A)s(D) = WOT- lim
r→1
(id− Φf,rA)s(D) ≥ 0
for any s = 1, . . . ,m. This shows that D ∈ Crad(f,A)+. To prove that Γ is one-to-one, let ϕ1 and ϕ2 be
completely positive linear maps on Sf,P such that ϕj(BαB∗β) = Aαϕi(I)Aβ , α, β ∈ F+n , and assume that
Γ(ϕ1) = Γ(ϕ2), i.e., ϕ1(I) = ϕ2(I). Then we have ϕ1(BαB
∗
β) = ϕ2(BαB
∗
β) for α, β ∈ F+n . Taking into
account the continuity of ϕ1 and ϕ2 in the operator norm, we deduce that ϕ1 = ϕ2.
To prove surjectivity, fix D ∈ Crad(f,A)+. Then D ∈ B(H) is a positive operator with the property
that there is δ ∈ (0, 1) such that (id − Φf,rA)s(D) ≥ 0 for any s = 1, . . . ,m and r ∈ (δ, 1). Since
the set P consists of homogeneous noncommutative polynomials , we have p(rA1, . . . , rAn) = 0 for any
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p ∈ P and r ∈ (δ, 1). We show now that, for each r ∈ (δ, 1), the tuple qr := (f,m, rA,Rr ,P), where
Rr := (id− Φf,rA)m(D), is compatible. Indeed, we can use the equality(
i+ j
j
)
−
(
i+ j − 1
j
)
=
(
i+ j − 1
j − 1
)
, i, j ∈ N,
and Lemma 1.3 to obtain
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,rA(Rr) = D −WOT- lim
k→∞
m−1∑
j=0
(
k + j
j
)
Φk+1f,rA(id− Φf,rA)j(D)
= D −WOT- lim
k→∞
Φkf,rA(D).
Since Φkf,rA(D) ≤ r2kΦkf,A(D) ≤ r2kD, we have WOT- limk→∞ Φkf,rA(D) = 0. Therefore, we deduce that
(1.6)
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,rA(Rr) = D, r ∈ (δ, 1).
According to Lemma 1.2, the constrained noncommutative Berezin kernel Kqr , r ∈ (δ, 1), associated
with the compatible tuple qr := (f, rA,Rr ,P), has the property that
(1.7) Kqr (rA
∗
i ) = (B
∗
i ⊗ IH)Kqr , i = 1, . . . , n,
where (B1, . . . , Bn) is the n-tuple of constrained weighted left creation operators associated with the
noncommutative variety Vmf,P , and
K∗qrKqr =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,rA(Rr), r ∈ (δ, 1),
where Rr := (id− Φf,rA)m(D). Hence and using relation (1.6), we obtain
(1.8) K∗qrKqr = D, r ∈ (δ, 1).
For each r ∈ (δ, 1), define the operator Bqr : Sf,P → B(H) by setting
(1.9) Bqr (χ) := K
∗
qr(χ⊗ IH)Kqr , χ ∈ Sf,P .
Using relation (1.7) and (1.8), we have
(1.10) K∗qr(BαB
∗
β ⊗ I)Kqr = r|α|+|β|AαDA∗β , α, β ∈ F+n , r ∈ (δ, 1).
Hence, and using relations (1.8) and (1.9), we infer that Bqr is a completely positive linear map with
Bqr(I) = D and ‖Bqr‖ = ‖D‖ for r ∈ (δ, 1).
Now, we show that limr→1Bqr (χ) exists in the operator norm topology for each χ ∈ Sf,P . Given a
polynomial ϕ(B1, . . . , Bn) :=
∑
α,β∈F+n
aαβBαB
∗
β in the operator system Sf,P , we define
ϕD(A1, . . . , An) :=
∑
α,β∈F+n
aαβAαDA
∗
β .
The definition is correct since, according to relation (1.10), we have the following von Neumman type
inequality
(1.11) ‖ϕD(A1, . . . , An)‖ ≤ ‖D‖‖ϕ(B1, . . . , Bn)‖.
Now, fix χ ∈ Sf,P and let ϕ(k)(B1, . . . , Bn) be a sequence of polynomials in Sf,P convergent to χ, in the
operator norm topology. Define the operator
(1.12) χD(A1, . . . , An) := lim
k→∞
ϕ
(k)
D (A1, . . . , An).
Taking into account relation (1.11), it is clear that the operator χD(A1, . . . , An) is well-defined and
‖χD(A1, . . . , An)‖ ≤ ‖D‖‖χ‖.
According to relation (1.10), we have
‖ϕ(k)D (rA1, . . . , rAn)‖ ≤ ‖D‖‖ϕ(k)(B1, . . . , Bn)‖,
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for any r ∈ (δ, 1). Taking into account that Bqr is a bounded linear operator and using again relation
(1.10), we deduce that
lim
k→∞
ϕ
(k)
D (rA1, . . . , rAn) = limk→∞
K∗qr(ϕ
(k)(B1, . . . , Bn)⊗ I)Kqr = Bqr [χ],(1.13)
for any r ∈ (δ, 1). Using relations (1.12), (1.13), the fact that ‖χ−ϕ(k)(B1, . . . , Bn)‖ → 0 as k →∞, and
lim
r→1
ϕ
(k)
D (rA1, . . . , rAn) = ϕ
(k)
D (A1, . . . , An),
we can deduce that
lim
r→1
Bqr [χ] = χD(A1, . . . , An)
in the norm topology. Indeed, note that
‖χD(A1, . . . , An)−Bqr [χ]‖
≤ ‖χD(A1, . . . , An)− ϕ(k)D (A1, . . . , An)‖ + ‖ϕ(k)D (A1, . . . , An)−Bqr (ϕ(k))‖
+ ‖Bqr (ϕ(k))−Bqr (χ)‖
≤ ‖χ− ϕ(k)(B1, . . . , Bn)‖‖D‖+ ‖ϕ(k)D (A1, . . . , An)− ϕ(k)D (rA1, . . . , rAn)‖
+ ‖χ− ϕ(k)(B1, . . . , Bn)‖‖D‖.
For any r ∈ (δ, 1), Bqr is a completely positive linear map. Hence, and using relation (1.10), we infer
that
Bq[χ] := lim
r→1
K∗qr(χ⊗ I)Kqr , χ ∈ Sf,P ,
is a completely positive map with Bq(I) = D and Bq(BαB
∗
β) = AαBq(I)Aβ , α, β ∈ F+n . The proof is
complete. 
The following result is an extension of the noncommutative von Neumann inequality (see [33], [19],
[21], [25]).
Corollary 1.6. Under the hypotheses of Theorem 1.5, if D ∈ Crad(f,A)+, then we have the following
von Neumann type inequality:∥∥∥∥∥∥
∑
α,β∈Λ
AαDA
∗
β ⊗ Cα,β
∥∥∥∥∥∥ ≤ ‖D‖
∥∥∥∥∥∥
∑
α,β∈Λ
BαB
∗
β ⊗ Cα,β
∥∥∥∥∥∥
for any finite set Λ ⊂ F+n and Cα,β ∈ B(E), where E is a Hilbert space. If, in addition, D is an invertible
operator, then the map u : An(Vmf,P)→ B(H) defined by
u(p(B1, . . . , Bn)) := p(A1, . . . , An)
is completely bounded with ‖u‖cb ≤ ‖D−1/2‖‖D1/2‖.
Proof. Due to relation (1.10), we have
(K∗qr ⊗ IE)(BαB∗β ⊗ I ⊗ Cα,β)(Kqr ⊗ IE) = r|α|+|β|AαDA∗β ⊗ Cα,β , α, β ∈ F+n , r ∈ (δ, 1).
Since K∗qrKqr = D for r ∈ (δ, 1), one can easily deduce the von Neumann type inequality. To prove the
second part, note that, if D is invertible, then the first part of this corollary implies
‖p(A1, . . . , An)‖2 ≤ ‖D−1/2‖2‖p(A1, . . . , An)D1/2‖2
= ‖D−1/2‖2‖p(A1, . . . , An)Dp(A1, . . . , An)∗‖
≤ ‖D−1/2‖2‖D‖‖p(B1, . . . , Bn)p(B1, . . . , Bn)∗‖
= ‖D−1/2‖2‖D1/2‖2‖p(B1, . . . , Bn)‖2
for any noncommutative polynomial p. A similar result holds if we pass to matrices. Therefore, we deduce
that u is completely bounded with ‖u‖cb ≤ ‖D−1/2‖‖D1/2‖. The proof is complete. 
Example 1.7. (i) When m = 1, f = X1 + · · · + Xn, and D = I, we obtain the noncommutative
Poisson transform introduced in [21] (case P = {0}) and [24] (case P 6= {0}).
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(ii) When m = 1, f = X1 + · · · +Xn, P = {0}, and D ≥ 0 such that
∑n
i=1 AiDA
∗
i ≤ D, we obtain
the noncommutative Poisson transform from [22].
(iii) When m ≥ 1, D = I, and f is an arbitrary positive regular free holomorphic function, we
obtain the noncommutative Berezin transforms associated with noncommutative domains Dmf or
noncommutative varieties Vmf,P , which were studied in [25] and [28].
2. Generalized noncommutative Berezin transforms and the cone Cpure(f,A)
+
In this section, we study the noncommutative cone Cpure(f,A)
+ of all pure solutions of the operator
inequalities (id−Φf,A)s(X) ≥ 0, s = 1, . . . ,m. When A is a pure n-tuple of operators in the noncommu-
tative variety V1f,P(H), we obtain a complete description of the noncommutative cone C(f,A)+.
Let A := (A1, . . . , An) ∈ B(H)n be such that
∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator
topology and recall that
Φf,A(X) :=
∑
|α|≥1
aαAαXA
∗
α, X ∈ B(H),
where the convergence is in the weak operator topology. We assume that Φf,A is power bounded. A
self-adjoint operator C ∈ B(H) is called pure solution of the inequality (id− Φf,A)m(X) ≥ 0 if
(id− Φf,A)m(C) ≥ 0 and SOT- lim
k→∞
Φkf,A(C) = 0.
Note that since Φf,A is power bounded, Lemma 1.3 implies Φf,A(C) ≤ C. This can be used to show
that a pure self-adjoint solution is always a positive operator. In what follows we present a canonical
decomposition for the self-adjoint solutions of the operator inequality (id− Φf,A)m(X) ≥ 0.
Theorem 2.1. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. Let
A := (A1, . . . , An) ∈ B(H)n be such that
∑
|α|≥1
aαAαA
∗
α is convergent in the weak operator topology and
Φf,A is power bounded. If Y = Y
∗ ∈ B(H) is such that (id − Φf,A)m(Y ) ≥ 0, then there exist operators
B,C ∈ B(H) with the following properties:
(i) Y = B + C;
(ii) B = B∗ and Φf,A(B) = B;
(iii) C ≥ 0, (id− Φf,A)m(C) ≥ 0, and SOT- limk→∞ Φkf,A(C) = 0.
Moreover, the decomposition Y = B + C is unique with the above-mentioned properties and
B = SOT- lim
k→∞
Φkf,A(Y ) = SOT- lim
k→∞
1
k
k−1∑
j=0
Φjf,A(Y ).
Proof. Let Y = Y ∗ ∈ B(H) be such that (id−Φf,A)m(Y ) ≥ 0. Since Φf,A is power bounded, Lemma 1.3
implies Φf,A(Y ) ≤ Y . Consequently, the sequence of self-adjoint operators {Φkf,A(Y )}∞k=0 is bounded and
decreasing. Thus it converges strongly to a selfadjoint operator B := SOT- lim
k→∞
Φkf,A(Y ). Since Φf,A
is a WOT -continuous map, we have Φf,A(B) = B. Note that C := Y − B ≥ 0 satisfies the inequality
Φf,A(C) ≤ C, and (id−Φf,A)m(C) = (id−Φf,A)m(Y ) ≥ 0. Moreover, Φkf,A(C)→ 0 strongly, as k →∞.
To prove the uniqueness of the decomposition, suppose Y = B1+C1, where B1 and C1 have the same
properties as B and C, respectively. Then
B −B1 = Φkf,A(B −B1) = Φkf,A(C1 − C), k ∈ N.
Taking k → ∞, we get B = B1 and, consequently, C = C1. Since 0 ≤ Φkf,A(C) ≤ C, k ∈ N, and
SOT − lim
k→∞
Φkf,A(C) = 0, a standard argument shows that SOT- limk→∞
1
k
∑k−1
j=0 Φ
j
f,A(C) = 0. On the
other hand, since Y = B + C and Φf,A(B) = B, we infer that
1
k
k−1∑
j=0
Φjf,A(Y ) = B +
1
k
k−1∑
j=0
Φjf,A(C).
Hence, the result follows. The proof is complete. 
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We denote by Cpure(f,A)
+ the set of all operators D ∈ B(H) such that
(id− Φf,A)s(D) ≥ 0, s = 1, . . . ,m,
and Φkf,A(D)→ 0 strongly, as k →∞. Note that such an operator D is always positive.
Theorem 2.2. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. Let
P be a family of noncommutative polynomials with NP 6= {0} and let B := (B1, . . . , Bn) be the universal
model associated with the noncommutative variety Vmf,P . If A := (A1, . . . , An) ∈ B(H)n is such that∑
|α|≥1 aαAαA
∗
α is SOT-convergent and p(A1, . . . , An) = 0, p ∈ P, then there is a bijection
Γ : CPw
∗
(A,Vmf,P)→ Cpure(f,A)+, Γ(ϕ) := ϕ(1),
where CPw
∗
(A,Vmf,P) is the set of all w∗-continuous completely positive linear maps ϕ : Sw
∗
f,P → B(H)
such that
ϕ(BαB
∗
β) = Aαϕ(I)A
∗
β , α, β ∈ F+n ,
where Sw∗f,P := spanw
∗{BαB∗β : α, β ∈ F+n }. In addition, if D ∈ Cpure(f,A)+, then Γ−1(D) coincides
with the noncommutative Berezin transform associated with q := (f,m,A,R,P) and defined by
Bq[χ] := K
∗
q (χ⊗ I)Kq, χ ∈ Sw
∗
f,P ,
where R := (id− Φf,A)m(D).
Moreover, an operator D ∈ B(H) is in Cpure(f,A)+ if and only if there is a Hilbert space D and an
operator K : H → NP ⊗D such that
D = K∗K and KA∗i = (B
∗
i ⊗ ID)K, i = 1, . . . , n.
Proof. Assume that ϕ : Sw∗f,P → B(H) is a w∗-continuous completely positive linear map such that
ϕ(BαB
∗
β) = Aαϕ(I)A
∗
β , α, β ∈ F+n .
Then, setting D := ϕ(I) and taking into account that Φf,B =
∑
|α|≥1 aαBαB
∗
α is SOT convergent, we
deduce that
(id− Φf,A)s(D) = ϕ ((id− Φf,B)s(I)) ≥ 0, s = 1, . . . ,m.
On the other hand, recall that {Φkf,B(I)}∞k=1 is a bounded decreasing sequence of positive operators
which converges strongly to 0, as k → ∞. Since Φkf,A(D) = ϕ(Φkf,B(I)) for all k ∈ N, one can easily
see that {Φkf,A(D)}∞k=1 is a bounded decreasing sequence of positive operators which converges strongly,
as k → ∞. Taking into account that ϕ is continuous in the w∗-topology, which coincides with the
weak operator topology on bounded sets, we deduce that Φkf,A(D) → 0 strongly, as k → ∞. Therefore,
D ∈ Cpure(f,A)+. To prove that Γ is one-to-one, let ϕ1 and ϕ2 be w∗-continuous completely positive
linear maps on Sw∗f,P such that ϕj(BαB∗β) = Aαϕj(I)Aβ , α, β ∈ F+n , and assume that Γ(ϕ1) = Γ(ϕ2), i.e.,
ϕ1(I) = ϕ2(I). Then we have ϕ1(BαB
∗
β) = ϕ2(BαB
∗
β) for α, β ∈ F+n . Since ϕ1 and ϕ2 are w∗-continuous,
we deduce that ϕ1 = ϕ2.
We prove now that Γ is a surjective map. Let D ∈ Cpure(f,A)+ be fixed. According to Lemma 1.2, the
constrained noncommutative Berezin kernel Kq associated with the compatible tuple q := (f,m,A,R,P),
has the property that
(2.1) KqA
∗
i = (B
∗
i ⊗ IH)Kq, i = 1, . . . , n,
where (B1, . . . , Bn) is the universal model associated with the noncommutative variety Vmf,P , and
K∗qKq =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R),
where R := (id− Φf,A)m(D). As in the proof of Theorem 1.5, we can use Lemma 1.3 and the fact that
WOT- limk→∞ Φ
k
f,A(D) = 0, to obtain
K∗qKq =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) = D −WOT- lim
k→∞
Φkf,A(D) = D
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Define the operator Bq : Sw∗f,P → B(H) by setting
Bq(χ) := K
∗
q (χ⊗ IH)Kq, χ ∈ Sw
∗
f,P .
Now, due to relation (2.1) it is easy to see that
Bq(BαB
∗
β) = K
∗
q (BαB
∗
β ⊗ I)Kq = AαDA∗β , α, β ∈ F+n .
Consequently, Bq ∈ CPw∗(A,Vmf,P) has the required properties.
To prove the last part of the theorem, note that the direct implication follows if we take K to be the
noncommutative Berezin kernel Kq. To prove the converse, assume that there is a Hilbert space D and
an operator K : H → NP ⊗D such that
D = K∗K and KA∗i = (B
∗
i ⊗ ID)K, i = 1, . . . , n.
Then
(id− Φf,A)s(D) = K∗ [(id− Φf,B)s(I)⊗ ID]K ≥ 0, s = 1, . . . ,m.
Since Φkf,A(D) = K
∗[Φkf,B(I) ⊗ ID]K, ‖Φkf,B(I)‖ ≤ 1, and Φkf,B(I) → 0 strongly, as k → 0, we deduce
that D ∈ Cpure(f,A)+. The proof is complete. 
We remark that, in Theorem 2.2, the set P is of arbitrary noncommutative polynomials with NP 6= {0},
while, in Theorem 1.5, P consists of homogeneous polynomials.
The proof of the next result is similar to that of Corollary 1.6, so we shall omit it.
Corollary 2.3. Under the hypotheses of Theorem 2.2, if D ∈ Cpure(f,A)+, then we have the following
von Neumann type inequality:∥∥∥∥∥∥
∑
α,β∈Λ
AαDA
∗
β ⊗ Cα,β
∥∥∥∥∥∥ ≤ ‖D‖
∥∥∥∥∥∥
∑
α,β∈Λ
BαB
∗
β ⊗ Cα,β
∥∥∥∥∥∥
for any finite set Λ ⊂ F+n and Cα,β ∈ B(E), where E is a Hilbert space.
If, in addition, D is an invertible operator, then the polynomial calculus p(B1, . . . , Bn) 7→ p(A1, . . . , An)
extends to a completely bounded map u : F∞n (Vmf,P )→ B(H) by setting
u(ϕ) := K∗q [ϕ⊗ IH]KqD−1, ϕ ∈ F∞n (Vmf,P),
where Kq is the noncommutative Berezin kernel associated with the compatible tuple q := (f,m,A,R,P)
and R := (id− Φf,A)m(D). Moreover, ‖u‖cb ≤ ‖D−1/2‖‖D1/2‖.
Theorem 2.4. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. Let P be
a family of noncommutative polynomials and let A := (A1, . . . , An) ∈ B(H)n be such that
∑
|α|≥1 aαAαA
∗
α
is SOT-convergent and p(A1, . . . , An) = 0 for p ∈ P . Then a positive operator G ∈ B(H) is in C(f,A)+
if and only if there exists an n-tuple T := (T1, . . . , Tn) ∈ Vmf,P(H) such that
AiG
1/2 = G1/2Ti, i = 1, . . . , n.
In addition, G ∈ Cpure(f,A)+ if and only if IH ∈ Cpure(f, T )+.
Proof. First, assume that T := (T1, . . . , Tn) ∈ Vmf,P(H) satisfies AiG1/2 = G1/2Ti, for any i = 1, . . . , n.
Then we have
(id− Φf,A)s(G) = G1/2 [(id− Φf,T )s(I)]G1/2 ≥ 0, s = 1, . . . ,m.
Taking into account that Φkf,A(G) = G
1/2Φkf,T (I)G
1/2, k ∈ N, it is clear that if Φkf,T (I)→ 0 strongly, as
k→∞, then G ∈ Cpure(f,A)+ .
To prove the converse, assume that G ∈ B(H) is in C(f,A)+. Since∑
|α|≥1
‖G1/2√aαA∗αx‖2 = 〈Φf,A(G)x, x〉 ≤ ‖G1/2x‖2
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for any x ∈ H, we deduce that agi‖G1/2A∗i x‖2 ≤ ‖G1/2x‖2, for any x ∈ H. Recall that agi 6= 0, so we
can define the operator Λi : G
1/2(H)→ G1/2(H) by setting
(2.2) ΛiG
1/2x := G1/2A∗i x, x ∈ H,
for i = 1, . . . , n. It is obvious that Λi can be extended to a bounded operator (also denoted by Λi) on
the subspace M := G1/2(H). Set Mi := Λ∗i , i = 1, . . . , n, and note that
G1/2 [(id− Φf,M )s(IM)]G1/2 = (id− Φf,A)s(G) ≥ 0, s = 1, . . . ,m.
An approximation argument shows that
(id− Φf,M )s(IM) ≥ 0, s = 1, . . . ,m.
Define Ti := Mi ⊕ 0, i = 1, . . . , n, with respect to the decomposition H = M⊕M⊥, and note that
(id− Φf,T )s(I) ≥ 0, s = 1, . . . ,m. Due to relation (2.2), if p ∈ P , then we have
p(M1, . . . ,Mn)
∗G1/2 = G1/2p(A1, . . . , An)
∗ = 0.
Hence, p(M1, . . . ,Mn) = 0 and, consequently, p(T1, . . . , Tn) = 0 for all p ∈ P . Therefore, (T1, . . . , Tn) ∈
Vmf,P(H) and AiG1/2 = G1/2Ti, i = 1, . . . , n.
Assume now that G ∈ Cpure(f,A)+, i.e., Φkf,A(G)→ 0 strongly, as k →∞. Since〈
Φkf,T (I)G
1/2x,G1/2x
〉
=
〈
Φkf,A(G)x, x
〉
, x ∈ H,
we have SOT-limk→∞ Φ
k
f,T (I)y = 0 for any y ∈ range G1/2. Taking into account that ‖Φkf,T (I)‖ ≤ 1,
k ∈ N, an approximation argument shows that SOT-limk→∞ Φkf,T (I)y = 0 for any y ∈ G1/2(H). On the
other hand, we have Φkf,T (I)z = 0 for any z ∈ M⊥. Consequently, IH ∈ Cpure(f, T )+. This completes
the proof. 
In what follows we consider the case when m = 1. Let f :=
∑
|α|≥1 aαXα be a positive regular free
holomorphic function and let P be a family of noncommutative polynomials such that NP 6= {0}. We
have
D1f (H) := {(X1, . . . , Xn) ∈ B(H)n :
∑
|α|≥1
aαXαX
∗
α ≤ I}.
Let B := (B1, . . . , Bn) be the universal model associated with the noncommutative variety V1f,P . We
introduced in [28] the noncommutative Hardy algebra F∞n (V1f,P ) to be the w∗-closed algebra generated
by B1, . . . , Bn and the identity. We also showed that F
∞
n (V1f,P) = PNPF∞n (D1f )|NP . Similar results hold
for R∞n (V1f,P), the w∗-closed algebra generated by C1, . . . , Cn and the identity, where Ci := PNPΛi|NP ,
and Λ1, . . . ,Λn are the weighted right creation operators associated with D
1
f (see Section 1). Moreover,
we proved that
F∞n (V1f,P )′ = R∞n (V1f,P) and R∞n (V1f,P)′ = F∞n (V1f,P),
where ′ stands for the commutant. An operator M ∈ B(NP ⊗K,NP ⊗ K′) is called multi-analytic with
respect to the constrained weighted shifts B1, . . . , Bn if
M(Bi ⊗ IK) = (Bi ⊗ IK′)M, i = 1, . . . , n.
According to [28], the set of all multi-analytic operators with respect to B1, . . . , Bn coincides with
R∞n (V1f,P)⊗¯B(K,K′) = PNP⊗K′ [R∞n (D1f )⊗¯B(K,K′)]|NP⊗K,
and a similar result holds for the Hardy algebra F∞n (V1f,P ). For more information on multi-analytic
operators, we refer the reader to [20] and [28].
Theorem 2.5. Let P be a family of noncommutative polynomials with NP 6= {0} and let B := (B1, . . . , Bn)
be the universal model associated with the noncommutative variety V1f,P , where f :=
∑
|α|≥1 aαXα is a
positive regular free holomorphic function. If T := (T1, . . . , Tn) is a pure n-tuple of operators in the
noncommutative variety V1f,P(H), then
C(f, T )+ = Cpure(f, T )
+
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and any operator in C(f, T )+ has the form G = PHΨΨ
∗|H, where Ψ is a multi-analytic operator with
respect to B1, . . . , Bn.
Proof. Assume that T := (T1, . . . , Tn) is a pure n-tuple of operators in the noncommutative variety
V1f,P(H), i.e., Φkf,T (I)→ 0 strongly, as k →∞. If G ∈ C(f, T )+, then G ≥ 0 and Φf,T (G) ≤ G. Since
0 ≤ Φkf,T (G) ≤ ‖G‖Φkf,T (I), k = 1, 2, . . . ,
we infer that G ∈ Cpure(f, T )+. Consequently, we have C(f, T )+ = Cpure(f, T )+. Now, fix an operator
G ∈ Cpure(f, T )+. Due to Theorem 2.4, we find Di ∈ B(H) satisfying
TiG
1/2 = G1/2Di, i = 1, . . . , n,
where (D1, . . . , Dn) ∈ V1f,P(H) and Φkf,D(I) → 0 strongly, as k → 0. According to Theorem 3.20 from
[28], there is a Hilbert space M1 so that (B1 ⊗ IM1 , . . . , Bn ⊗ IM1) is a dilation of (T1, . . . , Tn) on the
Hilbert space K1 := NP ⊗M1 ⊇ H, i.e., Ti = PH(Bi ⊗ IM1)|H, i = 1, . . . , n, and H is invariant under
each operator B∗i ⊗ IM1 . Similarly, let (B1 ⊗ IM2 , . . . , Bn ⊗ IM2) be a dilation of (D1, . . . , Dn) on a
Hilbert space K2 := NP ⊗M2 ⊇ H. According to the noncommutative commutant lifting theorem from
[28] (see Theorem 4.2), there exists an operator Ĝ : K2 → K1 such that Ĝ∗(H) ⊂ H, Ĝ∗|H = G1/2,
‖Ĝ‖ = ‖G1/2‖, and
Ĝ∗(B∗i ⊗ IM1) = (B∗i ⊗ IM2)Ĝ∗, i = 1, . . . , n.
It is easy to see that
Φf,B⊗IM1 (ĜĜ
∗) = ĜΦf,B⊗IM2 (I)Ĝ
∗ ≤ ĜĜ∗.
Setting Q := ĜĜ∗, we have ‖Q‖ = ‖G‖, and
G = PHĜ|HG1/2 = PHĜĜ∗|H = PHQ|H.
Note also that
Φkf,B⊗IM1 (ĜĜ
∗) = ĜΦkf,B⊗IM2 (I)Ĝ
∗, k ∈ N.
Since Φkf,B⊗IM2
(I) → 0 strongly, as k → ∞, we deduce that Φkf,B⊗IM1 (ĜĜ
∗) → 0 strongly. Therefore,
Q ∈ Cpure(f,B ⊗ IM1 )+ and G = PHQ|H.
Conversely, if Q ∈ Cpure(f,B ⊗ IM1)+, then
Φf,T (PHQ|H) =
∑
|α|≥1
aαTα(PHQ|H)T ∗α
= PH[Φf,W⊗IM1 (PHQ|H)]|H
≤ PH[Φf,W⊗IM1 (Q)]|H
≤ PHQ|H.
On the other hand, since
0 ≤ Φkf,T (PHQ|H) ≤ PHΦkf,B⊗IM1 (Q)|H → 0, as k →∞,
it is clear that G := PHQ|H is in Cpure(f, T )+. We have proved that
Cpure(f, T )
+ = PH
[
Cpure(f,B ⊗ IM1)+
] |H.
Now, we determine the set Cpure(f,B ⊗ IM1 )+. To this end, let Q ∈ Cpure(f,B ⊗ IM1)+. According
to Theorem 2.2, Q ∈ Cpure(f,B ⊗ IM1)+ if and only if there is a Hilbert space D and an operator
K : NP ⊗M1 → NP ⊗D such that Q = K∗K and
(Bi ⊗ IM1)K∗ = K∗(Bi ⊗ ID), i = 1, . . . , n,
i.e., K∗ is a multi-analytic operator with respect to B1, . . . , Bn. The proof is complete. 
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3. Joint similarity to operators in noncommutative varieties
In this section we provide necessary and sufficient conditions for an n-tuple A := (A1, . . . , An) ∈ B(H)n
to be jointly similar to an n-tuple T := (T1, . . . , Tn) satisfying one of the following properties:
(i) T ∈ Vmf,P(H);
(ii) T ∈
{
X ∈ Vmf,P(H)) : (id− Φf,X)m(I) = 0
}
;
(iii) T ∈
{
X ∈ Vmf,P(H)) : (id− Φf,X)m(I) > 0
}
;
(iv) T is a pure n-tuple in Vmf,P(H), i.e., Φkf,T (I)→ 0 strongly, as k →∞,
where P is a set of noncommutative polynomials. We show that these similarities are strongly related to
the existence of invertible positive solutions of the operator inequality (id − Φf,A)m(Y ) ≥ 0 or equation
(id − Φf,A)m(Y ) = 0. Several classical results concerning the similarity to contractions have analogues
in our multivariable setting.
Let f =
∑
|α|≥1 aαXα be a positive regular free holomorphic. For any n-tuple of operators A :=
(A1, . . . , An) ∈ B(H)n such that
∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator topology, define the
joint spectral radius with respect to the noncommutative domain Dmf by setting
rf (A1, . . . , An) := lim
k→∞
‖Φkf,A(I)‖1/2k.
In the particular case when f := X1+ · · ·+Xn, we obtain the usual definition of the joint operator radius
for n-tuples of operators.
Our first result provides necessary conditions for joint similarity to n-tuples of operators in noncom-
mutative varieties Vmf,P(H).
Proposition 3.1. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and let T :=
(T1, . . . , Tn) ∈ B(H)n and A := (A1, . . . , An) ∈ B(K)n be two n-tuples of operators which are jointly
similar, i.e., there exists an invertible operator Y : H → K such that
Ai = Y TiY
−1, i = 1, . . . , n.
If P is a family of noncommutative polynomials and T ∈ Vmf,P(H), then the following statements hold:
(i)
∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator topology;
(ii) Φf,A is a power bounded completely positive linear map;
(iii) rf (A1, . . . , An) ≤ 1;
(iv) p(A1, . . . , An) = 0 for all p ∈ P;
(v) if Φkf,T (I)→ 0 strongly, as k →∞, then Φkf,A(I)→ 0 strongly.
Proof. Note that ∑
1≤|α|≤k
aαAαA
∗
α =
∑
1≤|α|≤k
aαY TαY
−1(Y −1)∗T ∗αY
∗
≤ ‖Y −1‖2 Y
 ∑
1≤|α|≤k
aαTαT
∗
α
Y ∗
for any k ∈ N. Since T := (T1, . . . , Tn) ∈ Vmf,P(H), the series
∑
|α|≥1 aαTαT
∗
α is convergent in the weak
operator topology and p(T1, . . . , Tn) = 0 for all p ∈ P . Now, due to inequality above, it is easy to see
that item (i) holds and
Φf,A(I) ≤ ‖Y −1‖2 Y Φf,T (I)Y ∗ ≤ ‖Y −1‖2‖Y ‖2I.
According to Lemma 1.4, Φf,A is a completely positive map. As above, one can also show that
Φkf,A(I) ≤ ‖Y −1‖2 YΦkf,T (I)Y ∗ ≤ ‖Y −1‖2‖Y ‖2I, k ∈ N,
which proves item (ii) and implies items (iii) and (v). Since item (iv) is obvious, the proof is complete. 
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We recall that C(f,A)+ is the cone of all positive operators D ∈ B(H) such that (id−Φf,A)s(D) ≥ 0
for s = 1, . . . ,m. Now, we are ready to provide necessary and sufficient conditions for the joint similarity
to parts of the adjoints of the universal model (B1, . . . , Bn) associated with the noncommutative variety
Vmf,P .
Theorem 3.2. Let m ≥ 1, f :=∑|α|≥1 aαXα be a positive regular free holomorphic function and let P
be a family of noncommutative polynomials with NP 6= 0. If A := (A1, . . . , An) ∈ B(H)n is such that∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator topology and p(A1, . . . , An) = 0, p ∈ P, then the
following statements are equivalent.
(i) There exists an invertible operator Y : H→ G such that
A∗i = Y
−1[(B∗i ⊗ IH)|G ]Y, i = 1, . . . , n,
where G ⊆ NP ⊗ H is an invariant subspace under each operator B∗i ⊗ IH and (B1, . . . , Bn) is
the universal model associated with the noncommutative variety Vmf,P .
(ii) There is an invertible operator Q ∈ C(f,A)+ such that Φkf,A(Q)→ 0 strongly, as k →∞.
(iii) There exist constants 0 < a ≤ b and a positive operator R ∈ B(H) such that
aI ≤
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤ bI.
Proof. We prove that (i) ⇒ (ii). Assume that (i) holds and let a, b > 0 be such that aI ≤ Y ∗Y ≤ bI.
Setting Q := Y ∗Y and using the fact that Φf,B(I) ≤ I and aα ≥ 0, we have
Φf,A(Q) =
∑
|α|≥1
aαY
∗[PG(BαB
∗
α ⊗ IH)|G ]Y
= Y ∗
PG
∑
|α|≥1
aαBαB
∗
α ⊗ I
 |G
Y
≤ Y ∗Y = Q.
Similar calculations reveal that
(id− Φf,A)s(Q) = Y ∗ {PG [(id− Φf,A)s(I)⊗ I] |G} Y ≥ 0, s = 1, . . . ,m.
Therefore, Q ∈ C(f,A)+. Since (B1, . . . , Bn) is a pure n-tuple in the noncommutative variety Vmf,P , we
have Φkf,B(I) → 0 strongly, as k → ∞. Taking into account that Φkf,A(Q) = Y ∗
[
PG(Φ
k
f,B(I) ⊗ I)|G
]
Y
for k ∈ N, we deduce that Φkf,A(Q)→ 0 strongly, as k →∞. Therefore item (ii) holds.
Now, we prove the implication (ii) ⇒ (iii). Let Q ∈ C(f,A)+ be an invertible operator such that
Φkf,A(Q)→ 0 strongly, as k →∞. Set R := (id−Φf,A)m(Q) and note that, using Lemma 1.3, we obtain
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) = Q− SOT- lim
k→∞
m−1∑
j=0
(
k + j
j
)
Φk+1f,A (id− Φf,A)j(Q)
= Q− SOT- lim
k→∞
Φkf,A(Q) = Q.
Hence, we deduce item (iii). It remains to show that (iii) ⇒ (i). Assume that item (iii) holds. Consider
the noncommutative Berezin kernel K
(m)
f,A,R : H → F 2(Hn) ⊗ H associated with with the quadruple
(f,m,A,R) and defined by
K
(m)
f,A,Rh =
∑
α∈F+n
√
b
(m)
α eα ⊗R1/2A∗αh, h ∈ H.
According to Lemma 1.1 and using item (iii), we have
(3.1) a‖h‖2 ≤ ‖K(m)f,A,Rh‖2 =
∞∑
k=0
(
k +m− 1
m− 1
)
〈Φkf,A(R)h, h〉 ≤ b‖h‖2, h ∈ H.
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Consequently, the range of K
(m)
f,A,R is a closed subspace of F
2(Hn) ⊗H. On the other hand, we showed
in Lemma 1.2 that
rangeK
(m)
f,A,R ⊆ NP ⊗R1/2(H)
and the noncommutative Berezin kernel Kq : H → NP ⊗ R1/2(H) associated with the compatible tuple
q := (f,m,A,R,P) and defined by
Kq :=
(
PNP ⊗ IR1/2(H)
)
K
(m)
f,A,R,
has the property that
KqA
∗
i = (B
∗
i ⊗ IR1/2(H))Kq, i = 1, . . . , n.
Consequently, the range of Kq is a closed subspace of NP ⊗H and it is an invariant subspace under each
operator B∗i ⊗ IH, i = 1, . . . , n. Since the operator Y : H → rangeKq defined by Y h := Kqh, h ∈ H, is
invertible, we have
(3.2) A∗i = Y
−1[(B∗i ⊗ IR1/2(H))|G ]Y, i = 1, . . . , n,
where G := rangeKq. This proves (i). The proof is complete. 
We remark that under the conditions of Theorem 3.2, part (iii), we can use relations (3.1) and (3.2)
to show that the map Ψ : An(Vmf,P )→ B(H) defined by
Ψ(p(B1, . . . , Bn)) := p(A1, . . . , An)
is completely bounded with ‖Ψ‖cb ≤
√
b
a , and Φ
k
f,A(I) → 0 strongly, as k → ∞. In the particular
case when m = 1 we have a converse of the latter result. Indeed, using Paulsen’s similarity result [14]
and the fact (which can be extracted from [28]) that any completely contractive representation of the
noncommutative variety algebra An(V1f,P) is generated by an n-tuple (T1, . . . , Tn) ∈ V1f,P(H), we infer
that (A1, . . . , An) is simultaneously similar to an n-tuple (T1, . . . , Tn) ∈ V1f,P(H) and Φkf,T (I) → ∞
strongly, as k →∞. This proves our assertion.
Taking R = I in Theorem 3.2, we can obtain the following analogue of Rota’s model theorem, for
similarity to n-tuples of operators in the noncommutative variety Vmf,P(H).
Corollary 3.3. Let P be a set of noncommutative polynomials with NP 6= 0 and let A := (A1, . . . , An) ∈
B(H)n be such that p(A1, . . . , An) = 0, p ∈ P , and
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(I) ≤ bI
for some constant b > 0. Then, there exists an invertible operator Y : H → G such that
A∗i = Y
−1[(B∗i ⊗ IH)|G ]Y, i = 1, . . . , n,
where G ⊆ NP ⊗H is an invariant under each operator B∗i ⊗ IH and (B1, . . . , Bn) is the universal model
associated with the noncommutative variety Vmf,P .
Another consequence of Theorem 3.2 is the following analogue of Foias¸ [9] and de Branges–Rovnyak
[6] model theorem, for pure n-tuples of operators in Vmf,P(H).
Corollary 3.4. An n-tuple of operators T := (T1, . . . , Tn) ∈ B(H)n is in the noncommutative variety
Vmf,P and it is pure, i.e., Φkf,T (I) → 0 strongly, as k → ∞, if and only if there exists a unitary operator
U : H → G such that
T ∗i = U
∗[(B∗i ⊗ ID)|G ]U, i = 1, . . . , n,
where D := [(id− Φf,T )m(I)]1/2 (H), the subspace G ⊆ NP ⊗H is invariant under each operator B∗i ⊗ ID
and (B1, . . . , Bn) is the universal model associated with the noncommutative variety Vmf,P .
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Proof. Let T := (T1, . . . , Tn) ∈ Vmf,P(H) be such that Φkf,T (I) → 0 strongly, as k → ∞. A closer look at
the proof of Theorem 3.2, when A = T and Q = IH, reveals that
K∗qKq =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) = I,
where R := (id−Φf,A)m(I). Consequently, Kq is an isometry and the operator U : H → Kq(H), defined
by Uh := Kqh, h ∈ H, is unitary. Now, one can use relation (3.2) to complete the proof. 
Next we obtain an analogue of Sz.-Nagy’s similarity result [30].
Theorem 3.5. Let m ≥ 1, f :=∑|α|≥1 aαXα be a positive regular free holomorphic function and let P
be a family of noncommutative polynomials. If A := (A1, . . . , An) ∈ B(H)n is such that
∑
|α|≥1 aαAαA
∗
α
is convergent in the weak operator topology and p(A1, . . . , An) = 0, p ∈ P, then the following statements
are equivalent.
(i) There exist (T1, . . . , Tn) ∈ Vmf,P(H) such that (id − Φf,T )m(I) = 0 and an invertible operator
Y ∈ B(H) such that
Ai = Y
−1TiY, i = 1, . . . , n.
(ii) There exist positive constants 0 < c ≤ d such that
cI ≤ Φkf,A(I) ≤ dI, k ∈ N.
(iii) Φf,A is power bounded and there exists an invertible positive operator Q ∈ B(H) such that (id−
Φf,A)
m(Q) = 0.
Proof. First we prove that (i) ⇔ (ii). Assume item (i) holds. Then we have
Φkf,A(I) = Y
−1Φkf,T (Y Y
∗)Y ∗−1
≤ ‖Y Y ∗‖Y −1Φkf,T (I)Y ∗−1
≤ ‖Y ‖2‖Y −1‖2I
for any k ∈ N. Now, we show that Φf,T (I) = I. As in the proof of Theorem 3.2, we have
q∑
p=0
(
p+m− 1
m− 1
)
Φpf,T (id− Φf,T )m(I) = I −
m−1∑
j=0
(
q + j
j
)
Φq+1f,T (id− Φf,T )j(I)
for any q ∈ N. Consequently, if (id− Φf,T )m(I) = 0, then
I = lim
q→∞
m−1∑
j=0
(
q + j
j
)
Φq+1f,T (id− Φf,T )j(I).
Using Lemma 1.3, we deduce that I = limq→∞ Φ
q
f,T (I). Since Φf,T is a positive linear map and Φf,T (I) ≤
I, we have
I = lim
q→∞
Φqf,T (I) ≤ . . . ≤ Φ2f,T (I) ≤ Φf,T (I) ≤ I.
Hence, we deduce that Φf,T (I) = I. Consequently, we have
I = Φkf,T (I) = YΦ
k
f,A(Y
−1Y ∗−1)Y ∗
≤ ‖Y −1Y ∗−1‖ YΦkf,A(I)Y ∗
for any k ∈ N. Hence, we deduce that
Y −1Y ∗−1 ≤ ‖Y −1‖2Φkf,A(I), k ∈ N,
which implies
Φkf,A(I) ≥
1
‖Y −1‖2Y
−1Y ∗−1 ≥ 1‖Y ‖2‖Y −1‖2 I.
Therefore, we have proved that
1
‖Y ‖2‖Y −1‖2 I ≤ Φ
k
f,A(I) ≤ ‖Y ‖2‖Y −1‖2I, k ∈ N.
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Therefore, item (ii) holds. We prove now the implication (ii) ⇒ (iii). Assume that item (ii) holds. For
each k ≥ 1, we define the operator
Qk :=
1
k
k−1∑
j=0
Φjf,A(I)
and note that cI ≤ Qk ≤ dI. Since the closed unit ball of B(H) is weakly compact, there is a subsequence
{Qkj}∞j=1 weakly convergent to an operator Q ∈ B(H). It is clear that Q is an invertible positive operator
and aI ≤ Q ≤ bI. Since
Qkj − Φf,A(Qkj ) =
1
kj
I − 1
kj
Φ
kj
f,A(I)
and taking into account that 1kjΦ
kj
f,A(I)→ 0 in norm as j →∞ , we get ‖Qkj−Φf,A(Qkj )‖ → 0, as j →∞.
On the other hand, according to Lemma 1.4, Φf,A is WOT-continuous on bounded sets. Now, using the
fact that Qkj converges weakly to Q, we deduce that Φf,A(Q) = Q, which implies (id− Φf,A)m(Q) = 0
and shows that item (iii) holds.
It remains to show that (iii) ⇒ (i). Assume that Φf,A is power bounded and there exists an invertible
positive operator Q ∈ B(H) such that such that (id− Φf,A)m(Q) = 0. Since
q∑
p=0
(
p+m− 1
m− 1
)
Φpf,A(id− Φf,A)m(Q) = Q−
m−1∑
j=0
(
q + j
j
)
Φq+1f,A (id− Φf,A)j(Q)
for any q ∈ N, we deduce that
Q = lim
q→∞
m−1∑
j=0
(
q + j
j
)
Φq+1f,A (id− Φf,A)j(Q).
Using Lemma 1.3, we deduce that Q = limq→∞Φ
q
f,A(Q).
On the other hand, since Φf,A is a power bounded positive linear map with (id − Φf,A)m(Q) ≥ 0,
we can use Lemma 1.4 to deduce that (id − Φf,A)s(Q) ≥ 0 for any s = 1, . . . ,m. In paticular, we have
Φf,A(Q) ≤ Q. Using the results above, we have
Q = lim
q→∞
Φqf,A(Q) ≤ . . . ≤ Φ2f,A(Q) ≤ Φf,A(Q) ≤ Q.
Hence, we deduce that Φf,A(Q) = Q. Set Ti := Q
−1/2AiQ
1/2 for i = 1, . . . , n and note that
∑
|α|≥1
aαTαT
∗
α = Q
−1/2
∑
|α|≥1
aαAαQA
∗
α
Q−1/2
= Q−1/2QQ−1/2 = I,
which implies item (i). The proof is complete. 
Now, we can obtain a noncommutative multivariable analogue of Douglas’ similarity result [7].
Corollary 3.6. If A := (A1, . . . , An) ∈ B(H)n satisfies the conditions of Theorem 3.5 and
Φ∞f,A(I) := SOT- lim
k→∞
Φkf,A(I)
exists, then the following statements are equivalent:
(i) Φ∞f,A(I) is invertible;
(ii) there exist (T1, . . . , Tn) ∈ Vmf,P(H) such that (id − Φf,T )m(I) = 0 and an invertible operator
Y ∈ B(H) such that
Ai = Y
−1TiY, i = 1, . . . , n.
In the particular case when Φf,A(I) ≤ I, the limit SOT- limk→∞ Φkf,A(I) always exists.
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Proof. Assume that item (i) holds. Since Φf,A is WOT-continuous on bounded sets (see Lemma 1.4)
and the limit SOT- limk→∞ Φ
k
f,A(I) exists, we have Φf,A(Φ
∞
f,A(I)) = Φ
∞
f,A(I). Taking into account that
Φ∞f,A(I) is invertible, item (ii) follows from Theorem 3.5. Conversely, assume that item (ii) holds. Then
Theorem 3.5, implies cI ≤ Φkf,A(I) ≤ dI for any k ∈ N. Hence, the operator Φ∞f,A(I) is invertible, and
the proof is complete. 
Given A,B ∈ B(H) two self-adjoint operators, we say that A < B if B −A is positive and invertible,
i.e., there exists a constant γ > 0 such that 〈(B −A)h, h〉 ≥ γ‖h‖2 for any h ∈ H. Note that C ∈ B(H)
is a strict contraction (‖C‖ < 1) if and only if C∗C < I.
A version of Rota’s model theorem (see [29], [10]) asserts that any operator with spectral radius less
than one is similar to a strict contraction. In what follows we present an analogue of this result in our
multivariable noncommutative setting.
Theorem 3.7. Let m ≥ 1, f :=∑|α|≥1 aαXα be a positive regular free holomorphic function and let P
be a family of noncommutative polynomials. If A := (A1, . . . , An) ∈ B(H)n is such that
∑
|α|≥1 aαAαA
∗
α
is convergent in the weak operator topology and p(A1, . . . , An) = 0, p ∈ P, then the following statements
are equivalent.
(i) There exist T := (T1, . . . , Tn) ∈ Vmf,P(H) with (id − Φf,T )m(I) > 0 and an invertible operator
Y ∈ B(H) such that
Ai = Y
−1TiY, i = 1, . . . , n.
(ii) Φf,A is power bounded and there exists a positive operator Q ∈ B(H) such that
(id− Φf,A)m(Q) > 0.
(iii) rf (A1, . . . , An) < 1.
(iv) lim
k→∞
‖Φkf,A(I)‖ = 0.
(v) Φf,A is power bounded and there is an invertible positive operator R ∈ B(H), such that the
equation
(id− Φf,A)m(X) = R
has a positive solution X in B(H).
Moreover, in this case, for any invertible positive operator R ∈ B(H), the equation (id−Φf,A)m(X) = R
has a unique positive solution, namely,
X :=
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R),
where the convergence is in the uniform topology, which is an invertible operator.
Proof. First we prove the equivalence (i) ⇔ (ii). Assume that (i) holds and (id − Φf,T )m(I) ≥ cI for
some c > 0. Then we have
Y
[
(id− Φf,A)m(Y −1(Y −1)∗)
]
Y ∗ ≥ cI.
Setting Q := Y −1(Y −1)∗ we deduce that (id − Φf,A)m(Q) > 0. The fact that Φf,A is power bounded is
due to Proposition 3.1.
Conversely, assume that item (ii) holds and let Q ∈ B(H) be a positive operator such that (id −
Φf,A)
m(Q) > 0. Since Φf,A is power bounded, Lemma 1.3 implies (id−Φf,A)s(Q) ≥ 0, s = 1, . . . ,m. On
the other hand, since Φf,A is a positive linear map, we deduce that
0 < (id− Φf,A)m(Q) ≤ · · · ≤ (id− Φf,A)(Q) ≤ Q.
Therefore, Q is an invertible positive operator. Since
(id− Φf,A)m(Q) ≥ bI
for some constant b > 0, we can choose c > 0 such that bI ≥ cQ, and deduce that
Q−1/2[(id− Φf,A)m(Q)]Q−1/2 ≥ cI.
Setting Ti := Q
−1/2AiQ
1/2, i = 1, . . . , n, the latter inequality implies (id − Φf,T )m(I) > 0. Since
Φf,A is power bounded, so is Φf,T . As above, using again Lemma 1.3 we obtain (id − Φf,T )s(I) > 0,
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s = 1, 2, . . . ,m, which shows that T ∈ Dmf (H). Since p(A1, . . . , An) = 0, p ∈ P , we deduce that
T ∈ Vmf,P(H). Therefore, item (i) holds.
Now we prove the equivalence (iii) ⇔ (iv). Assume that item (iii) holds and let a > 0 be such that
r(A1, . . . , An) < a < 1. Then there is m0 ∈ N such that ‖Φkf,A(I)‖ ≤ ak for any k ≥ m0. This clearly
implies condition (iv). Now, we assume that (iv) holds. Note that
rf (A1, . . . , An)
j = lim
k→∞
[
‖Φjkf,A(I)‖1/2kj
]j
= lim
k→∞
‖Φj(k−1)f,A (Φjf,A(I))‖1/2k
≤ lim
k→∞
(
‖Φjf,A(I)‖k
)1/2k
= ‖Φjf,A(I)‖1/2
for any j ∈ N. Consequently, rf (A1, . . . , An) < 1, so item (iii) holds. The implication (v) ⇒ (ii) is
obvious. In what follows we prove that (i) ⇒ (iii). Assume that there exists T := (T1, . . . , Tn) ∈ Vmf,P(H)
with (id− Φf,T )m(I) > 0 and an invertible operator Y ∈ B(H) such that
Ai = Y
−1TiY, i = 1, . . . , n.
Recall that under these conditions we have, in particular, ‖Φf,A(I)‖ < 1. On the other hand, note that
rf (T1, . . . , Tn) = rf (Y A1Y
−1, . . . , Y AnY
−1)
= lim
k→∞
‖Φkf,Y AY −1(I)‖1/2k
≤ lim
k→∞
‖Y ‖1/k‖Φkf,A(I)‖1/2k
= rf (A1, . . . , An).
Hence, applying this inequality when Y is replaced by its inverse, we deduce that
rf (A1, . . . , An) = rf
(
Y −1(Y A1Y
−1)Y, . . . , Y −1(Y AnY
−1)Y
)
≤ rf (Y A1Y −1, . . . , Y AnY −1) = rf (T1, . . . , Tn).
Therefore, we have
rf (A1, . . . , An) = rf (T1, . . . , Tn)
= lim
k→∞
‖Φkf,T (I)‖1/2k ≤ ‖Φf,T (I)‖1/2 < 1,
which shows that item (iii) holds. Now, we prove the implication (iii) ⇒ (v). To this end, assume that
rf (A1, . . . , An) < 1 and let R ∈ B(H) be an invertible positive operator. We have
1
‖R−1‖ I ≤ R ≤
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤
(
‖R‖
∞∑
k=0
(
k +m− 1
m− 1
)
‖Φkf,A(I)‖
)
I.
Note that
lim
k→∞
[(
k +m− 1
m− 1
)
‖Φkf,A(I)‖
]1/2k
= rf (T1, . . . , Tn) < 1.
Consequently,
(3.3) aI ≤
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤ bI
for some constants 0 < a < b, where the convergence of the series is in the operator norm topology. Now,
we can prove that
(id− Φf,A)m
[
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R)
]
= R.
Indeed, since (id− Φf,A)Φf,A = Φf,A(id− Φf,A), we can use Lemma 1.3 and the fact that
0 ≤ lim
k→∞
‖Φkf,A(R)‖ ≤ ‖R‖ lim
k→∞
‖Φkf,A(I)‖ = 0
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to obtain
(id− Φf,A)m
[
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R)
]
=
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(id− Φf,A)m(R)
= R− SOT- lim
k→∞
m−1∑
i=0
(
k + i
i
)
Φk+1f,A (id− Φf,A)i(R)
= R− SOT- lim
k→∞
Φkf,A(R) = R
Consequently, and due to relation (3.3),
X :=
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R)
is an invertible positive solution of the equation (id− Φf,A)m(X) = R. Therefore item (v) holds.
To prove the last part of the theorem, let X ′ ≥ 0 be an invertible operator such (id−Φf,A)m(X ′) = R,
where R ≥ 0 is a fixed arbitrary invertible operator. Then, as above, we have
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(id− Φf,A)m(X ′)
= X ′ − SOT- lim
k→∞
Φkf,A(X
′) = X ′.
Here we used that ‖Φkf,A(X ′)‖ ≤ ‖X ′‖‖Φkf,A(I)‖ → 0, as k → ∞. Therefore there is unique positive
solution of the inequality (id− Φf,A)m(X) = R. The proof is complete. 
Now we can obtain the following multivariable generalization of Rota’s similarity result (see Paulsen’s
book [15]).
Corollary 3.8. Under the hypotheses of Theorem 3.7, if the joint spectral radius rf (A1, . . . , An) < 1,
then the n-tuple
T := (P−1/2A1P
1/2, . . . , P−1/2AnP
1/2)
is in the noncommutative variety Vmf,P(H) and (id− Φf,T )m(I) > 0, where
P :=
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(I)
is convergent in the operator norm topology and
‖P 1/2‖‖P−1/2‖ ≤
(
∞∑
k=0
(
k +m− 1
m− 1
)
‖Φkf,A(I)‖
)1/2
.
In particular, if f is a positive regular noncommutative polynomial, then P is in the C∗-algebra generated
by A1, . . . , An and the identity.
Proof. Since
lim
k→∞
[(
k +m− 1
m− 1
)
‖Φkf,A(I)‖
]1/2k
= rf (T1, . . . , Tn) < 1,
the series
∑∞
k=0
(
k +m− 1
m− 1
)
‖Φkf,A(I)‖ is convergent and we have
I ≤ P ≤
∞∑
k=0
(
k +m− 1
m− 1
)
‖Φkf,A(I)‖,
which implies the upper bound estimation for ‖P 1/2‖‖P−1/2‖. A closer look at the proof of Theorem 3.7
and taking R = I leads to the desired result. The last part of this corollary is now obvious. 
Using Theorem 3.7 and Theorem 3.2, we deduce the following result.
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Corollary 3.9. Let A := (A1, . . . , An) ∈ B(H)n be under the hypotheses of Theorem 3.7. Then the
following statements hold.
(i) If rf (A1, . . . , An) = 0, then, for any ǫ > 0, (A1, . . . , An) is jointly similar to an n-tuple of
operators (T1, . . . , Tn) ∈ ǫVmf,P(H).
(ii) If there exist positive constants 0 < a ≤ b and a positive operator R ∈ B(H) such that
aI ≤
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,A(R) ≤ bI,
then (A1, . . . , An) is jointly similar to an n-tuple of operators (T1, . . . , Tn) ∈ Vmf,P(H). If, in
addition, R is invertible, then (id− Φf,T )m(I) > 0.
The next result provides necessary and sufficient conditions for an n-tuple of operators be similar to
an n-tuple in the noncommutative variety Vmf,P , m ≥ 1.
Theorem 3.10. Let m ≥ 1, f :=∑|α|≥1 aαXα be a positive regular free holomorphic function and let P
be a family of noncommutative polynomials. If A := (A1, . . . , An) ∈ B(H)n is such that
∑
|α|≥1 aαAαA
∗
α
is convergent in the weak operator topology and p(A1, . . . , An) = 0, p ∈ P, then the following statements
are equivalent.
(i) There exist an n-tuple (T1, . . . , Tn) ∈ Vmf,P(H) and an invertible operator Y ∈ B(H) such that
Ai = Y
−1TiY, i = 1, . . . , n.
(ii) Φf,A is power bounded and there is an invertible positive operator R ∈ B(H) such that
(id− Φf,A)m(R) ≥ 0.
If, in addition, m = 1 and P is a set of homogeneous polynomials, then the statements above are equivalent
to the following:
(iii) the map Ψ : An(V1f,P)→ B(H) defined by
Ψ(p(B1, . . . , Bn)) := p(A1, . . . , An)
is completely bounded, where An(V1f,P) is the noncommutative variety algebra.
Proof. The proof of the equivalence (i)⇔ (ii) is similar to the proof of the same equivalence from Theorem
3.7. Consider the case m = 1. If item (i) holds, then
p(A1, . . . , An) = Y p(T1, . . . , Tn)Y
−1
for any noncommutative polynomial p. Using the noncommutative von Neumann inequality for V1f,P(H),
we deduce ‖Ψ‖cb ≤ ‖Y ‖‖Y −1‖. Now, if we assume that item (iii) holds, then using Paulsen’s similarity
result [14] and the fact (see [28]) that any completely contractive representation of the noncommutative
variety algebra An(V1f,P ) is generated by an n-tuple (T1, . . . , Tn) ∈ V1f,P(H), we infer that (A1, . . . , An)
is simultaneously similar to an n-tuple (T1, . . . , Tn) ∈ V1f,P(H). The proof is complete. 
4. Joint invariant subspaces and triangulations for n-tuples of operators in
noncommutative varieties
In this section, we obtain Wold type decompositions and prove the existence of triangulations of type(
C·0 0
∗ C·1
)
and
(
Cc 0
∗ Ccnc
)
for any n-tuple of operators in the noncommutative variety V1f,P(H). As consequences, we show that
certain classes of n-tuples of operators in V1f,P(H) have non-trivial joint invariant subspaces.
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Theorem 4.1. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. Let
A := (A1, . . . , An) ∈ B(H)n be such that
∑
|α|≥1 aαAαA
∗
α is convergent in the weak operator topology and
Φf,A is power bounded. If D ∈ B(H) be a positive operator such that (id − Φf,A)m(D) ≥ 0. Then the
subspaces
kerD, {h ∈ H : lim
k→∞
Φkf,A(D)h = 0}, and {h ∈ H : Φkf,A(D)h = Dh for all k ∈ N}
are invariant under each operator A∗i , i = 1, . . . , n.
In particular, if M is a subspace of H and (id − Φf,A)m(PM) ≥ 0, where PM is the orthogonal
projection onto M, then M is invariant under each operator Ai.
Proof. Due to Lemma 1.3, we have Φf,A(D) ≤ D. Consequently, for any h ∈ kerD,
0 ≤
∑
|α|≥1
〈aαAαDA∗αh, h〉 ≤ 〈Dh, h〉 = 0.
Hence, ‖agiD1/2A∗i h‖ = 0 for i = 1, . . . , n. Since agi 6= 0, we deduce that A∗i h ∈ kerD. Therefore, kerD
is invariant under each operator A∗i . Now, let D = B + C be the canonical decomposition of D with
respect to Φf,A. According to Theorem 2.1, we have
C ≥ 0, (id− Φf,A)m(C) ≥ 0, SOT- lim
k→∞
Φkf,A(C) = 0,
and
B = SOT- lim
k→∞
Φkf,A(D), Φf,A(B) = B.
Now, due to the first part of this theorem, applied to B and C, respectively, the subspaces kerB and
kerC are invariant under each each operator A∗i , i = 1, . . . , n. Note that
kerB = {h ∈ H : lim
k→∞
Φkf,A(D)h = 0}.
Since Φf,A(D) ≤ D, it is easy to see that
kerC = {h ∈ H : lim
k→∞
Φkf,A(D)h = Dh} = {h ∈ H : Φkf,A(D)h = Dh, k ∈ N}.
Taking D := PM, we obtain the last part of the theorem. The proof is complete. 
An interesting consequence of Proposition 4.1 is the following.
Corollary 4.2. Let T := (T1, . . . , Tn) ∈ Dmf (H) be such that (id − Φf,T )m(I) = I and let M ⊆ H be a
subspace. Then the following statements hold.
(i) M is an invariant subspace under each operator Ti, i = 1, . . . , n, if and only if Φf,T (PM) ≤ PM.
(ii) M is reducing under each operator Ti, i = 1, . . . , n, if and only if Φf,T (PM) = PM.
Proof. Due to Theorem 4.1, if Φf,T (PM) ≤ PM, then the subspace M is invariant under under each
operator Ti, i = 1, . . . , n. Conversely, assume M is invariant under under each Ti, i = 1, . . . , n. Then
P⊥MTiP
⊥
M = P
⊥
MTi, where P
⊥
M := I−PM. As seen before in this paper, the condition (id−Φf,T )m(I) = 1
implies Φf,T (I) = I. Consequently, we have
Φf,T (P
⊥
M)P
⊥
M = Φf,T (I)P
⊥
M = P
⊥
M = P
⊥
MΦf,T (I)P
⊥
M = P
⊥
MΦf,T (P
⊥
M)P
⊥
M.
Since the operators Φf,T (P
⊥
M) and I − P⊥M are positive and commuting, we have
Φf,T (P
⊥
M)− P⊥M = Φf,T (P⊥M)(I − P⊥M) ≥ 0.
Consequently, Φf,T (P
⊥
M) ≥ P⊥M. Since Φf,T (I) = I, we infer that Φf,T (PM) ≤ PM. Therefore, item (i)
holds. To prove (ii), note that due to part (i),M is reducing under each operator Ti, i = 1, . . . , n, if and
only if Φf,T (PM) ≤ PM and Φf,T (P⊥M) ≤ P⊥M. Since Φf,T (I) = I, the result follows. 
Let f be a positive regular free holomorphic function, m ≥ 1, and let K(m)f,T,R be the noncommutative
Berezin kernel associated with the noncommutative domain Dmf , i.e., associated with the quadruple
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q := (f,m, T,R), where R := (id− Φf,T )m(I). We remark that, as in the proof of Theorem 1.5, one can
use Lemma 1.1 and Lemma 1.3 to obtain relation(
K
(m)
f,T,R
)∗
K
(m)
f,T,R =
∞∑
k=0
(
k +m− 1
m− 1
)
Φkf,T (R) = I −Qf,T ,
where Qf,T := SOT- limk→∞ Φ
k
f,T (I).
Lemma 4.3. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. If
(T1, . . . , Tn) is an n-tuple of operators in the noncommutative domain D
m
f (H), then the limit
Qf,T := SOT- lim
k→∞
Φkf,T (I)
exists and we have
kerQf,T = {h ∈ H : lim
k→∞
〈
Φkf,T (I)h, h
〉
= 0}
= {h ∈ H : ‖K(m)f,T,Rh‖ = ‖h‖}
= ker
[
I −
(
K
(m)
f,T,R
)∗
K
(m)
f,T,R
]
and
ker(I −Qf,T ) = {h ∈ H : Φkf,T (I)h = h, k ∈ N}
= {h ∈ H : 〈Φkf,T (I)h, h〉 = ‖h‖2, k ∈ N}
= kerK
(m)
f,T,R,
where K
(m)
f,T,R in the noncommutative Berezin kernel associated with the noncommutative domain D
m
f .
Proof. Since Φf,T (I) ≤ I, the sequence of positive operators Φkf,T (I) is decreasing. Consequently, the
operator Qf,T exists and has the properties: 0 ≤ Qf,T ≤ I and Φf,T (Qf,T ) = Qf,T . Using relation(
K
(m)
f,T,R
)∗
K
(m)
f,T,R = I −Qf,T we deduce some of the equalities above. The others are fairly easy. 
Now we can obtain the following Wold type decomposition for n-tuples of operators in the noncom-
mutative domain Dmf (H).
Theorem 4.4. Let f :=
∑
|α|≥1 aαXα be a positive regular free holomorphic function and m ≥ 1. If
(T1, . . . , Tn) is an n-tuple of operators in the noncommutative domain D
m
f (H) and
Qf,T := SOT- lim
k→∞
Φkf,T (I),
then the space H admits a decomposition of the form
H =M⊕ kerQf,T ⊕ ker(I −Qf,T ),
where the subspaces kerQf,T and ker(I −Qf,T ) are invariant under each operator T ∗i , i = 1, . . . , n.
Proof. According to Lemma 4.3, the operator Qf,T exists and has the properties: 0 ≤ Qf,T ≤ I and
Φf,T (Qf,T ) = Qf,T . Since
H = Qf,T (H)⊕ kerQf,T and ker(I −Qf,T ) ⊆ Qf,T (H),
we obtain the desired decomposition. The fact that kerQf,T is an invariant subspace under each operator
T ∗i , i = 1, . . . , n, follows from Theorem 4.1. Now we assume that Qf,T 6= 0. According to Lemma 1.1,
K
(m)
f,T,RT
∗
i = (W
∗
i ⊗ IR1/2(H))K
(m)
f,T,R, i = 1, . . . , n.
Hence kerK
(m)
f,T,R is an invariant subspace under each operator T
∗
i , i = 1, . . . , n. On the other hand, due
to Lemma 4.3, we have kerK
(m)
f,T,R = ker (I −Qf,T ). The proof is complete. 
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We have another proof of the fact that ker(I−Qf,T ) are invariant under each operator T ∗i , i = 1, . . . , n,
which does not use the noncommutative Berezin kernel. Indeed, assume that Qf,T 6= 0. Then
〈Qf,Th, h〉 = 〈Φkf,T (Qf,T )h, h〉 ≤ ‖Qf,T‖〈Φkf,T (I)h, h〉, h ∈ H, k ∈ N.
Taking the limit as k→∞, we obtain
〈Qf,Th, h〉 ≤ ‖Qf,T ‖2 〈h, h〉 .
Hence, ‖Q1/2f,T ‖ ≤ ‖Q1/2f,T‖2 = ‖Qf,T‖ ≤ 1 and, consequently, we deduce that ‖Q1/2f,T ‖ = 0 or ‖Q1/2f,T‖ = 1.
Since Qf,T 6= 0, we must have ‖Qf,T‖ = 1. We show now that the set ker(I − Qf,T ) is invariant under
each T ∗i , i = 1, . . . , n. Indeed, note that I −Qf,T ≥ 0 and
Φf,T (I −Qf,T ) = Φf,T (I)− Φf,T (Qf,T ) ≤ I −Qf,T .
Applying Theorem 4.1 to the positive operator I −Qf,T , the result follows.
Let m ≥ 1, f := ∑|α|≥1 aαXα be a positive regular free holomorphic function and let P be a family
of noncommutative polynomials with NP 6= 0. Let (T1, . . . , Tn) be an n-tuple of operators in the non-
commutative variety Vmf,P(H) and let Kq be the Berezin kernel associated with Vmf,P(H), i.e., associated
with the tuple q = (f,m, T,R,P), where R := (id− Φf,T )m(I). Under these conditions, Lemma 1.2 and
Lemma 1.3 and imply K∗qKq = I −Qf,T . Consequently, one can obtain the following version of Theorem
4.4.
Corollary 4.5. The space H admits an orthogonal decomposition
H =M⊕ ker(I −K∗qKq)⊕ kerKq,
where the subspaces ker(I −K∗qKq) and kerKq are invariant under each operator T ∗i , i = 1, . . . , n.
An interesting consequence of Theorem 4.4 is the following Wold type decomposition.
Corollary 4.6. Let m ≥ 1, f :=∑|α|≥1 aαXα be a positive regular free holomorphic function and let P
be a family of noncommutative polynomials with NP 6= 0. Let (T1, . . . , Tn) be an n-tuple of operators in
the noncommutative variety Vmf,P(H) and let Kq be the Berezin kernel associated with Vmf,P(H). Then the
following statements are equivalent:
(i) the Hilbert space H admits the orthogonal decompositions
H = kerQf,T ⊕ ker(I −Qf,T ) = ker(I −K∗qKq)⊕ kerKq;
(ii) Qf,T is an orthogonal projection;
(iii) the noncommutative Berezin kernel Kq is a partial isometry.
In this case, the subspaces
kerQf,T = ker(I −K∗qKq) and ker(I −Qf,T ) = kerKq
are reducing for each operator Ti, i = 1, . . . , n.
Proof. Since Qf,T is a positive operator, it is well-known that
ker[Qf,T −Q2f,T ] = kerQf,T ⊕ ker(I −Qf,T ).
On the other hand, note that ker[Qf,T −Q2f,T ] = H if and only if Qf,T is an orthogonal projection. Using
the results preceding this corollary, we can complete the proof. 
Let m = 1, p =
∑
|α|≥1 aαXα be a positive regular noncommutative polynomial and let P be a set
of noncommutative polynomials such that 1 ∈ NP . In [28], using standard theory of representations of
C∗-algebras, we obtained the following Wold type decomposition for non-degenerate ∗-representations
of the unital C∗-algebra C∗(B1, . . . , Bn), generated by the constrained weighted shifts associated with
the noncommutative variety V1p,P , and the identity. If π : C∗(B1, . . . , Bn) → B(K) is a non-degenerate
∗-representation of C∗(B1, . . . , Bn) on a separable Hilbert space K, then π decomposes into a direct sum
π = π0 ⊕ π1 on K = K0 ⊕K1,
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where π0 and π1 are disjoint representations of C
∗(B1, . . . , Bn) on the Hilbert spaces
K0 : =
{
x ∈ K : lim
k→∞
〈
Φkp,V (IK)x, x
〉
= 0
}
and
K1 : =
{
x ∈ K : 〈Φkp,V (IK)x, x〉 = ‖x‖2 for any k ∈ N} ,
respectively, where Vi := π(Bi), i = 1, . . . , n. Moreover, up to an isomorphism,
K0 ≃ NP ⊗ G, π0(X) = X ⊗ IG for X ∈ C∗(B1, . . . , Bn),
where G is a Hilbert space with
dimG = dim {range [IK − Φp,V (IK)]} ,
and π1 is a ∗-representation which annihilates the compact operators and Φp,π1(B)(IK1) = IK1 , where
π1(B) := (π1(B1), . . . , π1(B1). Moreover, the decomposition is essentially unique.
Note that the decomposition above coincides with the one provided by Corollary 4.6 when (T1, . . . , Tn) =
(V1, . . . , Vn).
We need a few more definitions. Let P be a set of noncommutative polynomials. We say that an
n-tuple of operators T := (T1, . . . , Tn) ∈ V1f,P(H) is of class C·0 (or pure ) if
lim
k→∞
〈
Φkf,T (I)h, h
〉
= 0 for any h ∈ H,
and of class C·1 if
lim
k→∞
〈
Φkf,T (I)h, h
〉 6= 0 for any h ∈ H, h 6= 0.
We say that T := (T1, . . . , Tn) ∈ V1f,P(H) has a triangulation of type C·0 − C·1 if there is an orthogonal
decomposition H = H0 ⊕H1 with respect to which
Ti =
(
Ci 0
∗ Di
)
, i = 1, . . . , n,
and the entries have the following properties:
(i) T ∗i H0 ⊆ H0 for any i = 1, . . . , n;
(ii) (C1, . . . , Cn) ∈ V1f,P(H0) is of class C·0;
(iii) (D1, . . . , Dn) ∈ V1f,P(H1) is of class C·1.
The type of the entry denoted by ∗ is not specified.
Theorem 4.7. Every n-tuple T := (T1, . . . , Tn) ∈ V1f,P(H) has a triangulation of type(
C·0 0
∗ C·1
)
Moreover, this triangulation is uniquely determined.
Proof. First, note that due to Theorem 4.4, the subspace
H0 :=
{
h ∈ H : lim
k→∞
〈
Φkf,T (IH)h, h
〉
= 0
}
is invariant under each operator T ∗i , i = 1, . . . , n. The decomposition H = H0⊕H1, where H1 := H⊖H0,
yields the triangulations
T ∗i =
(
C∗i ∗
0 D∗i
)
, i = 1, . . . , n,
where C∗i := T
∗
i |H0 and D∗i := PH1T ∗i |H1 for each i = 1, . . . , n. Since T ∗i (H0) ⊆ H0, i = 1, . . . , n, we have
Φf,C(IH0 ) = PH0Φf,T (IH)|H0 ≤ IH0
and p(C1, . . . , Cn) = PH0p(T1, . . . , Tn)|H0 = 0 for any p ∈ P . Therefore, (C1, . . . , Cn) ∈ V1f,P(H0). On
the other hand, we have
lim
k→∞
〈
Φkf,C(IH0)h, h
〉
= lim
k→∞
〈
Φkf,T (IH)h, h
〉
= 0, h ∈ H0,
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which shows that the n-tuple C := (C1, . . . , Cn) is of class C·0. Now, due to the fact that Ti(H1) ⊆ H1,
i = 1, . . . , n, and Φf,T is a positive map, we have
Φf,D(IH1 ) = PH1Φf,T (PH1)|H1 ≤ PH1Φf,T (IH)|H1 ≤ IH1
and p(D1, . . . , Dn) = p(T1, . . . , Tn)|H1 = 0 for any p ∈ P . Therefore, (D1, . . . , Dn) ∈ V1f,P(H1). We need
to show that
lim
k→∞
〈
Φkf,D(IH1 )h, h
〉 6= 0 for all h ∈ H1, h 6= 0.
Taking into account that Φkf,T (I)PH0 → 0 strongly, as k →∞, ‖Φkf,T (I)PH0‖ ≤ 1 for k ∈ N, and Φf,T is
WOT -continuous on bounded sets, we deduce that
lim
k→∞
〈
Φqf,T
(
Φkf,T (I)PH0
)
h, h′
〉
= 0, h, h′ ∈ H,
for each q ≥ 1. Hence, using the fact that Qf,T := SOT- limk→∞ Φkf,T (I), we have
〈Qf,Th, h′〉 = lim
k→∞
〈
Φqf,T
(
Φkf,T (I)
)
)h, h′
〉
= lim
k→∞
〈
Φqf,T
(
Φkf,T (I)PH0
)
h, h′
〉
+ lim
k→∞
〈
Φqf,T
(
Φkf,T (I)PH1
)
h, h′
〉
= lim
k→∞
〈
Φqf,T
(
Φkf,T (I)PH1
)
h, h′
〉
=
〈
Φqf,T (Qf,TPH1)h, h
′
〉(4.1)
for any h, h′ ∈ H. Now, we need to prove that
‖ Qf,Th‖ ≤
〈
Φqf,T (PH1)h, h
〉1/2
, h ∈ H.
First, recall that ‖Φkf,T (Qf,TPH1)‖ ≤ 1, k ∈ N, and Φf,T is WOT -continuous on bounded sets. Conse-
quently, given h, h′ ∈ H, the expression
〈
Φkf,T (Qf,TPH1)h, h
′
〉
can be approximated by sums of type
Σ :=
∑
|αq|≤Nq
· · ·
∑
|α1|≤N1
〈
aαq · · ·aα1Tαq · · ·Tα1(Qf,TPH1)T ∗α1 · · ·T ∗αqh, h′
〉
,
where N1, . . . , Nq ∈ N. Since ‖Qf,T‖ ≤ 1, aα ≥ 0, we obtain∣∣∣〈aαq · · ·aα1Tαq · · ·Tα1(Qf,TPH1)T ∗α1 · · ·T ∗αqh, h′〉∣∣∣
≤ aαq · · · aα1
∥∥∥(Qf,TPH1)T ∗α1 · · ·T ∗αqh∥∥∥ ∥∥∥T ∗α1 · · ·T ∗αqh′∥∥∥
≤ aαq · · · aα1
∥∥∥PH1T ∗α1 · · ·T ∗αqh∥∥∥ ∥∥∥T ∗α1 · · ·T ∗αqh′∥∥∥ .
Applying Cauchy’s inequality, we get
|Σ| ≤
 ∑
|αq|≤Nq
· · ·
∑
|α1|≤N1
〈
aαq · · · aα1Tαq · · ·Tα1(PH1)T ∗α1 · · ·T ∗αqh, h
〉1/2
×
 ∑
|αq|≤Nq
· · ·
∑
|α1|≤N1
〈
aαq · · · aα1Tαq · · ·Tα1T ∗α1 · · ·T ∗αqh′, h′
〉1/2 .
Taking the limits as N1 →∞, . . . , Nq →∞, we obtain∣∣∣〈Φqf,T (Qf,TPH1)h, h′〉∣∣∣ ≤ 〈Φqf,T (PH1)h, h〉1/2 〈Φqf,T (I)h′, h′〉1/2
≤
〈
Φqf,T (PH1)h, h
〉1/2
‖h′‖
for any h, h′ ∈ H. Hence, we deduce that∥∥∥Φqf,T (Qf,TPH1)h∥∥∥ ≤ 〈Φqf,T (PH1)h, h〉1/2 , h ∈ H, q ∈ N.
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Combining this inequality with relation (4.1), we obtain
‖Qf,Th‖ ≤
〈
Φqf,T (PH1)h, h
〉1/2
=
〈
Φqf,D(IH1)h, h
〉1/2
, h ∈ H, q ∈ N.
Let h ∈ H1, h 6= 0, and assume that Φqf,D(IH1)h → 0, as q → ∞. The above inequality shows that
Qf,Th = 0, i.e., h ∈ H0, which is a contradiction.
Now, we prove the uniqueness. Assume that there is another decomposition H = M0 ⊕M1 which
yields the triangulations
Ti =
(
Ei 0
∗ Fi
)
, i = 1, . . . , n,
of type
(
C·0 0
∗ C·1
)
, where Ei
∗ := T ∗i |M0 and Fi∗ := PM1T ∗i |M1 for each i = 1, . . . , n. To prove
uniqueness, it is enough to show that H0 = M0. Notice that if h ∈ M0, then, due to the fact that
(E1, . . . , En) is of class C·0, we have
lim
k→∞
〈
Φkf,Th, h
〉
= lim
k→∞
〈
Φkf,Eh, h
〉
= 0.
Hence, h ∈ H0, which proves that M0 ⊆ H0. Assume now that h ∈ H0 ⊖M0. Since h ∈M1, we have
lim
k→∞
〈
Φkf,Fh, h
〉
= lim
k→∞
〈
Φkf,T (PM1)h, h
〉 ≤ lim
k→∞
〈
Φkf,T (I)h, h
〉
= 0.
Consequently, since (F1, . . . , Fn) is of class C·1, we must have h = 0. Hence, we deduce that H0 ⊖M0 =
{0}, which shows that M0 = H0. This completes the proof. 
Corollary 4.8. If T := (T1, . . . , Tn) ∈ V1f,P(H) is such that T /∈ C·0 and T /∈ C·1, then there is a
non-trivial joint invariant subspace under the operators T1, . . . , Tn.
We say that T := (T1, . . . , Tn) ∈ V1f,P(H) is of class Cc if〈
Φkf,T (I)h, h
〉
= ‖h‖2 for any h ∈ H, k ∈ N,
and of class Ccnc if for each h ∈ H, h 6= 0, there exists k ∈ N such that〈
Φkf,T (I)h, h
〉 6= ‖h‖2.
We say that T := (T1, . . . , Tn) ∈ V1f,P(H) has a triangulation of type Cc − Ccnc if there is an orthogonal
decomposition H = Hc ⊕Hcnc with respect to which
Ti =
(
Ci 0
∗ Di
)
, i = 1, . . . , n,
and the entries have the following properties:
(i) T ∗i Hc ⊆ Hc for any i = 1, . . . , n;
(ii) (C1, . . . , Cn) ∈ V1f,P(Hc) is of class Cu;
(iii) (D1, . . . , Dn) ∈ V1f,P(Hcnc) is of class Ccnc.
Theorem 4.9. Let P be a set of noncommutative polynomials. Every n-tuple of operators T := (T1, . . . , Tn) ∈
V1f,P(H) has a triangulation of type (
Cc 0
∗ Ccnc
)
.
Moreover, this triangulation is uniquely determined.
Proof. Consider the subspace Hc ⊆ H defined by
Hc :=
{
h ∈ H : 〈Φkf,Th, h〉 = ‖h‖2 for any k ∈ N} .
The fact that Hc is invariant under each operator T ∗1 , . . . , T ∗n is due to Lemma 4.3 and Theorem 4.4.
Consequently, we have the following triangulation with respect to the decomposition H = Hc ⊕Hcnc,
Ti =
(
Ci 0
∗ Di
)
, i = 1, . . . , n,
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where C∗i := T
∗
i |Hc and D∗i := PHcncT ∗i |Hcnc for each i = 1, . . . , n. As in the proof of Theorem 4.7,
taking into account that T ∗i (Hc) ⊆ Hc and Ti(Hcnc) ⊆ Hcnc for each i = 1, . . . , n, we can show that
(C1, . . . , Cn) ∈ V1f,P(Hc) and (D1, . . . , Dn) ∈ V1f,P(Hcnc). Since〈
Φkf,C(IHc)h, h
〉
=
〈
Φkf,T (IH)h, h
〉
= ‖h‖2, h ∈ Hc, k ∈ N,
the n-tuple (C1, . . . , Cn) is of class Cu. Now, we need to show that (D1, . . . , Dn) is of class Ccnc. To this
end, let h ∈ Hcnc, h 6= 0, and assume that
〈
Φkf,D(IH)h, h
〉
= ‖h‖2 for all k ∈ N. Then, we have
‖h‖2 = 〈Φkf,D(IH)h, h〉 = 〈Φkf,T (PHcnc)h, h〉
≤ 〈Φkf,T (IH)h, h〉 ≤ ‖h‖2.
Consequently,
〈
Φkf,T (IH)h, h
〉
= ‖h‖2 for all k ∈ N. Since h ∈ Hcnc, we must have h = 0. This proves
that (D1, . . . , Dn) is of class Ccnc. The uniqueness of the triangulation can be proved as in Theorem 4.7.
We leave it to the reader. The proof is complete. 
Corollary 4.10. If T := (T1, . . . , Tn) ∈ V1f,P(H) is such that Φf,T (I) 6= I and there is a non-zero vector
h ∈ H such that
〈
Φkf,Th, h
〉
= ‖h‖2 for any k ∈ N, then there is a non-trivial invariant subspace under
the operators T1, . . . , Tn.
Note that Cc ⊆ C·1. Combining Theorem 4.7 with Theorem 4.9, we obtain another triangulation for
n-tuples of operators in V1f,P(H), that is,C·0 0 0∗ Cc 0
∗ ∗ Ccnc ∩C·1
 .
According to Corollary 3.4, we have an analogue of Foias¸ [9] and de Branges–Rovnyak [6] model
theorem, for n-tuples of operators (T1, . . . , Tn) ∈ Vmf,P(H) of class C·0. When (A1, . . . , An) is of class C·1,
i.e.,
lim
k→∞
〈
Φkf,A(I)h, h
〉 6= 0 for any h ∈ H, h 6= 0,
we can prove the following result.
Theorem 4.11. Let p :=
∑
1≤|α|≤N aαXα be a positive regular polynomial and let P be a set of non-
commutative polynomials. If A := (A1, . . . , An) ∈ B(H)n is an n-tuple of operators of class C·1 such that
Φp,A is power bounded and q(A1, . . . , An) = 0 for all q ∈ P, then there exists (T1, . . . , Tn) ∈ Vmp,P(H) of
class Cc such that
AiY = Y Ti, i = 1, . . . , n,
for some one-to-one operator Y ∈ B(H) with range dense in H. If, in addition, H is finite dimensional,
then Y is an invertible operator.
Proof. Since Φp,A is power bounded, there is M > 0 such that ‖Φkp,A‖ ≤ M for all k ∈ N. Note that for
each h ∈ H with h 6= 0, we have
γh := inf
k∈N
〈
Φkp,A(I)h, h
〉
> 0.
Indeed, if we assume that γh = 0, then for any ǫ > 0 there is k0 ∈ N such that
〈
Φk0p,A(I)h, h
〉
≤ ǫM . Since
Φp,A is a positive map, we have〈
Φq+k0f,A (I)h, h
〉
≤ ‖Φqp,A‖
〈
Φk0p,A(I)h, h
〉
≤ ǫ for any q ∈ N.
Consequently, limk→∞
〈
Φkp,A(I)h, h
〉
= 0, which is a contradiction with the hypothesis. Now, define
[h, h′] := LIM
k→∞
〈
Φkp,A(I)h, h
′
〉
, h, h′ ∈ H,
where LIM is a Banach limit. Due to the properties of a Banach limit, we have
0 < γh ≤ [h, h] ≤M‖h‖2, h ∈ H, h 6= 0,
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and
[h, h] = LIM
k→∞
〈
Φk+1p,A (I)h, h
〉
= LIM
k→∞
∑
1≤|α|≤N
aα
〈
Φkp,A(I)A
∗
αh,A
∗
αh
〉
=
∑
1≤|α|≤N
aα[A
∗
αh,A
∗
αh]
for any h ∈ H. Using standard theory of bounded Hermitian bilinear maps, we find a self-adjoint bounded
operator S ∈ B(H) such that [h, h′] = 〈Sh, h′〉 for all h, h′ ∈ H. Therefore, we have
0 < γh ≤ 〈Sh, h〉 ≤M‖h‖2, h ∈ H, h 6= 0,
which shows that S is a one-to-one positive operator with range dense in H. Taking into account the
relations obtained above, we deduce that
〈Sh, h〉 = [h, h] =
∑
1≤|α|≤N
aα[A
∗
αh,A
∗
αh]
=
∑
1≤|α|≤N
aα 〈SA∗αh,A∗αh〉 = 〈Φp,A(S)h, h〉
(4.2)
for any h ∈ H. Hence, Φp,A(S) = S and agi‖S1/2A∗i h‖2 ≤ ‖S1/2h‖2, h ∈ H, for each i = 1, . . . , n.
Since p is a positive regular polynomial, we have agi > 0 and, consequently, it makes sense to define
Zi : S
1/2(H)→ H by setting
Zi(S
1/2h) := S1/2A∗i h, h ∈ H.
Since ‖Zi(S1/2h)‖ ≤ 1agi ‖S
1/2h‖, h ∈ H, and S1/2 has range dense in H, Zi has a unique bounded linear
extension to H, which we also denote by Zi. Therefore, ‖Zix‖ ≤ 1agi ‖x‖, x ∈ H. Due to relation (4.2),
we have ∑
1≤|α|≤N
aα
〈
Z∗α˜Zα˜S
1/2h, S1/2h
〉
= ‖S1/2h‖2, h ∈ H.
Since S1/2 has range dense in H and Zi are bounded operators on H, we deduce that Φp,Z∗(I) = I.
Setting now, Ti := Z
∗
i , i = 1, . . . , n, and Y := S
1/2, we get Φp,T (I) = I and AiY = Y Ti, i = 1, . . . , n.
Note also that Y q(T1, . . . , Tn) = q(A1, . . . , An)Y = 0 for all q ∈ P . Since Y is one-to-one, we deduce that
q(T1, . . . , Tn) = 0. Therefore, (T1, . . . , Tn) ∈ Vmp,P(H) is of class Cc. The proof is complete. 
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